CARLETON COLLEGE 
QA281 .R49 Folio 


Rice, Herbert L./The theory and practice 
| vat | 


Ay 


aA 


SiG 


sia) 5 


nha 


PGK. 
pee 


OES 


ee da ee 
eet 
AR spe 
es 
ay 
Pet pope eo 

r LS 
ae ae 
ee Pee Bee 


‘ fot 
APOE Cae Ree 
BT pee 


Hines Balsa Meares Pie = 
LE EEA SSL AD LT TRAE IRELAND ANAS O ALE BEET 
LE Es Eo Sa RE 


(al POE Aaa 


Pees 
Pabst 


tet 
“aS 


a 
ats 
“uae 


ANNI 
\ IN Wl 


eRAP 


2RAP 


Folio QA 


P Riceys Herbert Louis 1B8469- 
The theors and eractice of 


j interrolation? 


BORROW ER'S NAME 


paTE DU (= 


= at SS a 


JOSTEN'S NO. 30-505 


; ' 

| 
| \ 

: \ 
- . bo! 
‘ 
pone 

i me 4y, rh 
* : > Bt | 
| | << e 
1 } : 3 } 
ie 


Digitized by the Internet Archive 
in 2023 


https://archive.org/details/theorypracticeofOO000herb 


THE 


'HEORY AND PRACTICE 


OF 


Isrts in Oo A iO UN 


INCLUDING 


MecHANICAL QUADRATURE, AND OTHER ImporTANT PROBLEMS 


CONCERNED WITH THE TABULAR VALUES OF FUNCTIONS. 


WITH THE REQUISITE TABLES. 


IBS 


HERBERT L. RICE, M.S., 


ASSISTANT IN THE OFFICE OF THE AMERICAN HEPHEMERIS, 
AND PROFESSOR OF ASTRONOMY IN THE CORCORAN SCIENTIFIC SCHOOL, WASHINGTON, D.C. 


LYNN, MASS. 
THE Nicuots PrEss — Tuos. P. NICHOLS. 
1899. 


+\OU 


© 
CoryRricGHT, 1899, BY 
HERBERT L. RICE, 
Wasuineton, D.C. 
Sl 


Ac 


PREFACE, 


IN preparing the following treatise the author has attempted no marked 
originality, either of subject matter or method. Indeed, sufficient has hitherto 
been written of Interpolation, Quadratures, etc., to firmly dissuade one from 
such an endeavor. Yet of the numerous contributions to these allied subjects, 
there has appeared thus far no distinct treatise covering the entire ground. As 
a consequence the author has repeatedly felt the need of a work which would 
give —exclusive of other matter—a simple, practical, yet comprehensive discus- 
sion of all that is useful concerning Differences, Interpolation, Tabular Differ- 
entiation and Mechanical Quadrature ;—a work, moreover, which would include 
all tables appertaining to the text which are required by a practical computer. 
To supply the want thus conceived, the author offers the present volume. 

But while viewing the matter in this practical sense, the writer regards his 
work as no mere compilation. Many of the processes and developments are 
original, so far as he is concerned, and possibly altogether new; while the same 
remark apples to a few of the minor results. In fact, if adverse criticism be 
forthcoming, it will probably result largely from the somewhat unusual or indi- 
vidual methods which in many instances have been employed in preference to 
the customary forms of analysis. On the other hand the author realizes fully 
the extent of his indebtedness to previous writers for valuable ideas and sug- 
gestions; and he desires especially to mention the works of Boon, CHAUVENET, 
Enckk, Loomis, NEwcomps, and SAWITSCH as most valuable sources of informa- 
tion, to which frequent reference has been made. 

Concerning the bibliographical list at the close of this volume (which 
includes the foregoing names), it is but proper to state that references to 
several of the earliest writers—such as Briaes, WALuis, Mouton, Cotss, 
STIRLING, MAYER, WALMESLEY, LALANDE— have purposely been omitted because 
of the general inaccessibility of their works. As regards the writings of the 
present century, however, the author believes that all contributions of importance 
have been included, and trusts that any omissions of consequence hereafter 


detected will be regarded merely as oversights. 


iii 


iv PREFACE. 


Special care has been given to the preparation and printing of the tables, 
with the hope of securing absolute accuracy. At a considerable cost of labor, 
and by wholly independent methods, the computations were all made in dupli- 
cate; and in every case the tabular values are true to the nearest unit of the 
last place. Though a few of these tables have appeared before, several are here 
published for the first time, and it is hoped they will prove useful to the 
computer. 

In conclusion, the author desires to express his cordial thanks and appre- 
ciation to Mr. E. C. Ruessam, of the Nautical Almanac Office, and to Mr. M. E. 
Porter, of the Naval Observatory, for much valuable service and many useful 
suggestions received during the various phases of preparation of this treatise. 
Feelings of gratitude further inspire—simple justice even demands—a special 
word in commendation of the publishers, whose uniform courtesy, accuracy and 


skill have done much to enhance the general value of the work. 
Heth. Ri: 


WasuHineton, D.C., December, 1899. 
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CHAPTER I. 


OF DIFFERENCES. 


1. In many applications of the exact sciences, and of Astronomy 
in particular, it is often necessary to tabulate a series of numerical 
values of some quantity or function, corresponding to certain assumed 
values of the element or argument upon which the functional values 
depend. 

In the more purely mathematical tables, the function is analyti- 
cally known ; the argument is then the independent variable of the 
given expression. The common tables of logarithms, trigonometrical 
functions, squares, cubes, and reciprocals, are examples of tabular 
functions of this class. 

A second and larger class includes those functions which are not 
related analytically to the argument, but which are either determined 
directly by experiment, or based wholly or partly upon observation. 
The final results are usually obtained from the fundamental obser- 
vations by suitable mathematical transformations or reductions, which 
frequently include the process of adjustment known as the method of 
least-squares. Empirical values are also occasionally introduced in the 
development of functions of this class, to supply some theoretical 
deficiency. 

In the great majority of such cases, the time is the argument of the 
tabulated function. ‘This is particularly the case in astronomical tables. 
Thus the Nautical Almanac gives the right-ascensions and declinations 
of the sun and the planets for every Greenwich mean noon; in the 
case of the moon, these coordinates are given for every hour, because 
of the rapid motion of our satellite. The moon’s horizontal parallax 
is tabulated for every twelve hours; the sun’s for every ten days. 

In like manner, the readings of the barometer and thermometer 
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are recorded for certain hours of the day, and therefore may be regarded 
as functions of the time. The velocity of the wind, the height of tide- 
water, the correction and rate of a clock, are further instances of a 
large number of physical quantities which are tabulated as functions 


of the time. 
As examples of tabular functions of the physical or observational 
kind, whose arguments are elements other than the time, we may 


mention : 


(a) The force of gravity (determined by pendulum experiments), 
as a function of the latitude ; | 


(6) The atmospheric pressure (determined by the barometer), as 
a function of the altitude ; 


(c) The angle of refraction in a particular substance, as a function 
of the angle of incidence. 


Although differing thus fundamentally in the character of their 
respective functions, all mathematical tables are alike in giving the 
numerical values of the functions for certain assumed values of the 
argument, so chosen that intermediate values of the function may 
readily be derived by the process of interpolation. For this purpose 
it is convenient, though not essential, to have the assumed argument 
values proceed according to some law; and since as a rule the greatest 
simplicity is attained where the argument varies uniformly, it is nearly 
always so taken. The interval of the argument is decided in general 
by the rapidity with which the given function varies. 

We shall assume throughout these pages that the given values of 
the argument are equidistant. 

The present chapter will be devoted to the subject of differences, 
as defined below. The student should become thoroughly and practi- 
cally familiar with this fundamental portion of the work before entering 
upon the chapters that follow. 


2. Definitions and Notation.—If we have given a series of 
quantities proceeding according to any law, and take the difference 
of every two consecutive terms, we obtain a series of values called 
the first order of differences, or briefly, first differences. 
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If we difference the first differences in the same manner, we 
form a new seriés called second differences. The process may be con- 
tinued, if necessary, so long as any differences remain. 

We shall apply this process of differencing to the tabular values 
of functions given for equidistant values of the argument. 

Let 7 designate the argument; @, its interval; #’(7’), or simply 


#’, the function; ¢, ¢+ 0, ¢+ 20, t+30,....., the given values 
Oem os, 4, . 2) the corresponding values of (7) ; 
AM', A", A", A®,...., the successive orders of differences. The arrange- 


ment is then shown in the following schedule : 


Argument | Function |1st Diff.|2d Diff. 3d Diff./4th Diff.|/5th Diff.|6th Diff. 
T F(T) AL All aeAnl A ASA Avi 
| | 
' F, 
Xs 
bar a dake do 
a, G5 
Pons) 0 FF. b, d 
Os C, ey 
t+30| F, by d, fh 
OF Cy é; 
tt4o| F, bs di, 
Uy Ge 
ba ty F, b, 
Qs 
t + 6H 10s, 
Wietemd.— 0 ,—-/,, a, — VF, 3 Sa —a,, 0 = O—Q, 223 
(0,0, ¢, =), — 0,, .. . 3 and so on. 
We shall also find it convenient to represent @,4@,,a@,,.... by 
eee Sr TeSpCCuIVely; —0),.07, Uy, .6. — DY Ay’, 4," Ay", «. «ete, 


Thus, generally, 4 denotes the (s+1)™ value in the column of 7™ 


differences. 
As an example, we tabulate and difference several successive 


values of F(T) = 7*—107°— 20, thus: 
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Gp F(T) a! Al am div dv 
0 — 20 
— 9 
rE — 29 — 6 
— 15 + 36 
2 — 44 + 30 + 24 
sPake + 60 0 
3 — 29 e200. +24 
+105 + 84 0 
A 6 +174 + 24 
+279 +108 
5 | +355 +282 
+561 
6 | +916 


The differences are in all cases formed by subtracting (algebrai- 
cally) downwards, as in the above examples. It will be noted that 
the even differences (4’, 4,....) always fall on the same lines 
with the argument and function, while the odd differences (4', 4”, 4”, . . .) 
lie between the lines. 

3. Method of Checking the Numerical Accuracy of the Differ- 
ences. —If, in the numerical example of the last section, we take the 
algebraic sum of the six given values of 4, we find 


—9—15+15+ 105 + 279+ 561 = +936 
Subtracting the first value of #’(Z’) from the last, we have 
+916 — (—20) = +936 


which agrees with the first result. 
Again, in like manner, we find 


Aft +A +A! = +36 +60 +84 = +180 =474 (6) = ge 


These relations may be expressed generally as follows : 

THEorEM I.— The algebraic sum of any 8s consecutive values of 
A”, ws equal to the last, minus the first, of the s+1 consecutive 
Ae terms used in forming the s values of Am. 

To prove this proposition, let the differences be as below : 


PA Mme REN SPD PRT) ern oy h 
LEE hey Be eee G ee eee Beak 
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Then, from the definition of differences, we have 


k, = hy—h,, Ke Mtn ig ne eee ; ko =k. — he, k, = has —h, 


Hence, by addition, we find 


hth thy too. . +k, th, = hy —Iy 


which is the algebraic statement of Theorem I. This theorem may 
obviously be applied as an independent check upon the numerical 
accuracy of the differencing. 


4, TuHeorem II.— Jf the differences of N values of F(T) 
are taken, N—n values of 4m are derived; wt being assumed 
that N>n. 

For, VV functions evidently yield W—1 values of #, N—2 values 
of 4’, N—3 values of 4”, etc. ; hence V values of #( 7’) yield N—n 
values of 4. 


5. Inversion of a Series of Functions. — It is sometimes necessary 
or convenient to invert a given column of functions, thus bringing the 
last value into the position of the first, the next to the last into the 
position of the second, etc. For example, let us invert the series 
given in §2, and observe the effect of this inversion upon the differ- 


ences. Thus we find: 


T | F(T) | Al AlN At hel fie ae 
6 | O16 | | | 
ee ee 

LE HOR cgi | Mais Ok einer nt errs alae 
Bee 2 OR ig UA A er +24 | 4 
DEE ea t+ 300) ‘gp, | b24 

Apel ees Po ihe fey | 0 | 

Ons) 5 20. | | | 


Comparing this table with the original, we first observe that each 
column of differences is inverted, like the column of functions itself. 
Further, having regard to signs, we see that the first and third differ- 
ences (the odd orders) have changed signs throughout ; while 4” and 


4” (the even orders) remain unaltered in sign. 
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To prove that such an effect is true generally, we consider the 
two series below, the second series being an inversion of the first : 


F(T) A! Atl Al div LENGE) Al ‘ va gl div 
F. F, 
0 id (04 
4 A 0, c ae o Bo y, 
Ff, os b, 3 d, f, Vy By - 8, 
P,; : by - d, ff, By 8, 
F Os b, Cs F, “3 Bs Ye 
FE. ay y | # he 
5 0 
Comparing the first differences, we find 
ao = h-hh = -—(1-F%) = -Y 
epee! Ges Bl oan ha ee 
a = f,—-F, = —(%—F,) = —-a, 
Hence, for the second differences, we obtain 
By = &—% = —a,—(—a,) = a4—a = b, 
B, = %—% = —a—(—a,) = a—a = b, 


Thus, the inversion of the functions inverts 4’, and changes its signs 
throughout ; whereas 4” is inverted, but does not change in sign, 
Further, since 4” and 4 have the same relation to 4”, that a and 4" 
have to F(T’), it is manifest that 4” inverts and changes signs, 
while 4” inverts with signs unaltered. Extending this reasoning, we 
have the following proposition : . 


THEOREM ITT.— Jnverting a series of functions inverts each column 
of differences and changes the signs of the odd orders (A AM A eee 
while the signs of the even orders (4, 4*,....) remain unchanged. 

In practice it is seldom necessary to re-tabulate the function in 
the inverted order, since we may readily conceive the inversion to be 
made, merely allowing for the changes of sign in 4’, 4!”, 4”, ete. 


6. Turorem IV.— The n differences of the sums of two series 
of functions are equal to the sums of the corresponding n™ differences 
of the two component series. 
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Momprovergeneralive lem i, si, coves cand fo. fis fay se 
denote the two series of functions; then the sums of the two series 
will be. M+f, Mth, Mth, .... Also, let us designate the first 


differences of these three series by 4’, 8’, and D’, respectively ; their 
values are hence as follows : 


Al 6! dD! 
F ip Fi+f, 
Oe Waa a Gea Ce Cen) (ey) 
F # 1 0) 
AOR BAA rag | Et Cath) 


We therefore have 


Di = FAA -@Ath) = AtA-R-A = AAT) = 4/48, 


(Cia) a ey) Lodi = Jah Cae) a Gh) 


These relations prove the theorem directly for n=1,; but since 
the second differences are formed from the first differences in the same 
manner that the latter are derived from the given functions, the theorem 
is also true for n= 2. Similarly with the following differences, each 
order being the first difference of the order just preceding. Hence 
the theorem is true generally. 

As an example we write : 


F a! 4" Al if é! jl! jill F+Af D! Dp" pil 
aes +14 + 9 

+1 +2 Se 8 - 
me eeys | tle | ce aykoe sewer 1 Seve aig +18 ne 
Peoria, Pls ise +19 Gee See 28 a ae 1b cleans 
+40 | i 5e | +24 +19 1-8 P Ti+ 59 ES +18 
+95 Te ee +108 


It will be observed that the values of D’, D” and D™ are in 
accord with the theorem. 

7. Irregularities in the Differences.—In the numerical example 
of §2, the values of 4” are all zero. In such a case, we say that the 
differences are perfectly smooth or regular. In practice, however, the 
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differences frequently exhibit a small degree of irregularity, owing: to 
the omission of decimals in the approximate values of the functions 
employed. As an example, we take the following values of T"*, true to 
the nearest unit of the second decimal : 


Ll \F(T)=T4 A! A" 7a div 
2.0 | 16.00 

21 | 19.45 Bes + Onl aneen 

D2 coda Mea ohn a G7 bg | £0.04 
23) 27.98 1 2° 65 ee eee 
24 1288.18 ee 68 ba | + 05 
2.5 | 39.06 | 388 16 eee 
2.6.) 25.70 |e 7 80 | 4 ooo | $0.05 
27 | 53.14 | 284! +089 ; 

2.8 | 61.47 


That the irregularity here manifest in the outer differences is due 
to the fact that the tabular values are only approximate (not the 
true mathematical values of the function), may easily be shown by 
Theorem IV, thus : let 


Ff denote the true value of the function ; 
f, its approximate value as above; 
f = F—F, the difference of these values, 


Then, since #' is given to the nearest unit of the second place, 
J may have any value from —0.5 to +0.5, in terms of the same unit. 
Moreover, the values of f do not follow any law of progression, but 
proceed at random, with arbitrary changes of sign. Hence, the differ- 
ences of f will be irregular. The differences of # must proceed regu- 
larly, however, since # is the true mathematical value of a continuous 
function. Now, sinee F=F+f, it follows from Theorem IV that 
the differences of / must equal the sums of the corresponding dif- 
erences of # and f; therefore, the differences of F’ must contain just 
such irregularities as are inevitable in the differences of f. 

To illustrate this principle, we tabulate below the values of F, 
along with the given series, f’; whence f follows, in units of the 
second decimal, and also the differences of J to the fourth order : 
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T F(T) F(T) |f=F-F| a! 4 am div 
2.0) 16.00,00 | 16.00 0.00) 6.49 

2.1| 19.44,81 | 19.45 | +0.19 | 1 055 | +0.06 ie 

2.2] 23.42,56 | 23.48 | +0.44 Boe | a oa eee 
2.3] 27.98,41 | 27.98 | —0.41 | Vo'ae | +1.50 964 | ~o-24 
2.4) 33.17,76 | 33.18 | +0.24 | 7 94g | —114 | oy, | +4.76 
2.5 | 39.06,25 | 39.06 | —0.25 | 4 y4q | +0.98 | "O45 | —4.24 
2.6] 45.69,76 | 45.70 | +0.24 We ee Ea gee en 
2.7) 53.14.41 | 53.14 | —0.41 | Woon | +1.50 a 

2.8} 61.46,56 | 61.47 | +0.44 


We now bring together, from the above tables, the fourth differ- 
ences of # and f, denoting these quantities by (#)r and (4) f, respec- 
tively. The fourth differences of # then follow, since we have shown 
that (4) F = (4)F + (4%) f; thus we form the table below : 


(4-)F | (diss (Ay PF 


+0.04 | +0.03,76 | +0.0024 
—0.05 | —0.05,24 | +0.0024 
+0.05 | +0.04,76 | +0.0024 
—0.04 | —0.04,24 | +0.0024 
+005 | 0:04.76: 0.0024 


Tt will be observed that the fourth differences of F(7’) are 
absolutely uniform, — that is, the irregularities in (4™)F and (#)f ex- 
actly correspond, or balance. The slight irregularity in the outer 
differences of the series /”( 7’) is therefore due entirely to the omis- 
sion of decimals, since it wholly disappears when we employ the true 
mathematical values, #( 7’). 

As a valuable exercise, the student should now difference the 
function /” directly, and find the fourth differences exactly as above 
deduced. 


8. Detection of Accidental Hrrors.— We have just seen how a 
slight deviation from the true value of a tabular function will mani- 
fest itself by means of irregularities in the differences. If, then, some 
one value of a series is in error by an appreciable quantity, an in- 
spection of the differences will indicate definitely the location and 
magnitude of the error sought. 
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To investigate the principle that underlies the method, let 
Fury Bork Ae eee 
denote the correct values of any function #’(7’) (tabulated for equi- 
distant values of 7’), and let the differences be as shown in the 


schedule below : 


F(T) Ad! Au gm div AV 
Jt 
0 
7 MN ‘| 
di . b, F 
FE. : b " d 
2 iy L C; 0 €, 
i 2 b d 
4 Ge 2 a ey 
ie, ee b Z d, 
FB ly i Cs d ey 
5 4 3 
Reade lace Oe ied e 
: dg : Cs : C, 
Ite me b ’ d; 
: a; é Cg es 
‘ oO 
F, b, dy 
PF Os b oy y oe 
: ae & oe i e 
7 9 7 
Fy by i ds 
UC 
Fy az . dro . 
2 u 


Let us now assume that some one function, say /, is in error 
by the quantity «, so that +e is tabulated in place of the true 
value F’,; the differences of the incorrect series will therefore be found 
as follows : 


F(T)+e 4! Al alm div dv 
F, 
vig e by ; 
” Sy m3 . - » 
iis 2 d 0 
3 2 , a} é (3 
Le ee: bs ae € dat € wis Be 
Fi dt 6) Bs St ma id, Cnt 
) RHE | Ge ol 3 be) Ce ee ace 
Lec | CaS) eect Ooh Seo oe eae 
va U, ns C,— € eae é.+ be 
FB a H ( ds € é.— € 
Al 8 h 7 ; 5 
| 9 “8 7 2 
Fy i by ‘ Of & 
Fy : 10 a “9 
Py . 


Now, because the differences of the correct table contain no 
irregularities, we see that the differences of the incorrect table consist 
of series of regular values, to which are alternately added and sub- 
tracted the terms in ¢, shown in the above schedule. The law of 
progression and increase in the coefficients of ¢ along the successive 
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orders of differences, is easily seen to be that of the binomial coef- 
ficients, with alternate signs. Hence, in practice, we have only to 
carry the differencing to that. order at which the differences of the 
correct functions would vanish, or sensibly so; the location and mag- 
nitude of the error will then be clearly shown by a succession of + 
and — terms, following the binomial law. 

Thus, if the values of av vanish in the correct table above, the 
fifth differences of the incorrect series will be 0, +e, —5e, +106¢, 
—10c, +-5e, —e, 0; the initial value, +e, is therefore the error sought, 
both as to magnitude and sign. The required function is found by 
tracing backwards and downwards along the line of heavy type from 
é+e to #,+ 6, which is the incorrect function ; and since the cor- 
rection is the negative of the error, we have (/,+.«)—e, or /,, for 
the true value of the function in question. 

9. We shall now consider several examples, in order that the 
process may be fully understood. 

Exampte I.— Find the error in the following table of #(7') = 7°: 


T (|F(T)=T3| A! AN Au div 2 divte 
1 1 

; ap eae 5 

z fa foes ae 6 

o 27 37 Ieee a 0 0 
4 64 6 ee) 0 
5 125 ry oy pcre) ears tO a (Ne a 
6 206 137 HOW 60 lat 605 0 
7 343 169 32 +16 AU) == 46 0 
8 512 O17 48) .°¢| —10| +10) 0 
9 729 | 150, | +54 

10 | 1000 g 


The differencing is continued until we find a complete alternation 
of signs, as in 4”. Now the binomial coefficients of the fourth order 
are 1, 4, 6, 4, 1; it is also seen that the values of 4” are just these 
numbers multiplied by 10. Hence, an error of 10 units exists some- 
where in the function #’; its location is easily determined by tracing 
backwards and downwards along the line of —10, —4, +20, +81, to 
the number 206, which is the quantity sought. The required function 
is also found by tracing backwards and upwards along the line of 
—10, +16, +382, +137, to 206; in practice, both lines should be 
followed, to guard against mistake. 
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Finally, the number 206 is too small by 10 units, since the segn 
of the error is shown by the leading or initial value of the binomial 
series in #”, namely, —10. <A correction of +10 is therefore to be 
applied to the incorrect function, giving 216 for its true value. 

In the column c, following 4” in the above table, are given 
the corrections to #*, due to the correction of +10 to the function. 
The column 4+c therefore gives the 4th differences of the true or 
corrected series. It is always well to re-difference the series after a 
correction has been applied, to check the accuracy of the work. 


Exampce JI.— Find the error in the following table of logarithms: 


I log T Al Al Ait c JAM (6 
45 | 1.6532 

+458 
50 | 1.6990 Fee a tert Peed 
55 | 1.7404 31 : 
ee ee oe 5 
O | Lai 349 Heute ots 6 
65 | 1.8129 20 
70 | 1.8451 G22} 691 — 2) 49 3 
See 300 | 55 | + 2 +9 
so | 1.9031 | 778° 


The third differences are here sufficient to point out the error ; 
the correction given under ¢ appears to improve 4” in the best man- 
ner, thus indicating that log 60 should be 1.7782 instead of 1.7787. 
It will be observed that a correction of —6 is nearly as efficient as 
—) in the above case, and that —5.5 is better than either; this is 
because the value of log 60 to five places is 1.77815. 

Exampie III.— Correct the error in the following ephemeris of 
the moon’s latitude : 


Date Moon’s Lat. | 


Bete 4! au au Av | av c Av+e 
° 1 a 7 wt ] 7] 7] W | 7 7 

May 8.5 | —1 59 542] ,, | ’ 
9.09) Scheid ok ed ra | 
9.5 0 44 27.0 - e100 24.5) 7 el se 
iodo Baga | BR ALT Wp ee ole 21.0) free eeu | amen ae 

2 oO OO 28 25.2 0 16.5 25 9 +15.8 63.4 + 64.0 

40.5 | +0.32 89.9) So a0 | 0 41.7] 205 | aT ele ee a6 
11.0) 1 1093.4) So an'n | t O45) 0 ent ee ee 28-01 Oe 
11.5 | 146.124 | 90753 | 146.2) 9g, (469) 
2. > 20 14,7 | (°° 29 1_o on) —S0.L eee 
ae pecans a +31 36.5 |~7 Pe es 


In this example the error is readily indicated in 4, for which 
order the binomial coefficients are 1, 5, 10, 10, 5, 1. Although but 
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four values of 4” are available, these are here sufficient. A slight 
inspection shows that a correction of —13”.0, as applied to the latitude 
for May 11.0, will very nearly serve the purpose; —13”.0 being a trifle 
too great numerically, we soon find by trial that —12”.8 produces the 
best result. Hence, the moon’s latitude for May 11.0 should read, 
+1° 10’ 10.6. 

10. Correction of Errors when More than One Function is 
Affected. — Thus far we have considered examples of an error in one 
function only. When two or more consecutive or neighboring values 
are in error, the problem of correction becomes more complicated and 
difficult. It may even become indeterminate in some cases, since only 
accidental errors can be detected by the differences. Several succes- 
sive functions, and possibly all, may contain systematic errors which 
do not affect the regularity of the differences. : 

In general, the correction of a group of errors by differences may 
be considered practicable only when the law of the function is not 
obscured or altered by the presence of those errors. More definitely, 
the method may be regarded as available in the case of two or per- 
haps three neighboring functions, provided the errors be accidental in 
character, and of sufficient magnitude to produce a distinct and defini- 
tive irregularity in the differences. 

Exampie I.— Correct the errors in the following tabulation of 
H(T) = 27T°—25T — 40: 


vt | F(T) 4! AeA ec, lane oN 
=a eG 
2 eo See feeryiel boas +12 +12 
2 6 Od : 
5m | oie 12 12 
= ie Pep earena| 19 12 12 
40 23 e Fleas oh P19 12 
ail 63 1 
‘ worl oll ks Qe i | 12 12 
4 Foe | 18 | 20) 8 12 
pee ee eles | iat 2a ae 
bap a Boy siceee “P86 | 24 12 
2 aes meet 4 4| +8 12 
Pe 8 6 | | ae +12 +12 
fe alen ss |r 84 
+8 | +784 2 


We carry the differences to the third order, and note that the 
first three values of 4” are constant, and equal to +12; hence, in 
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column ¢,, we place the correction of +5. This gives a corrected 
series for 4’, shown under 4’’+c,. The latter column clearly indicates - 
a correction of —8, as applied in ¢,; this gives a final corrected column 
_ of third differences, with the constant value of +12. Hence, the 
value #(7) for T—-+2, should read —74 instead of —79; for 
T = +4, we should have —12 instead of —4. 

Exampte II.— Correct the errors which occur in the following 


ephemeris of the sun’s declination : 


Wan 28 218 6 847 oie ‘ : j i 
30| 1734 4.0}7 82 20-7 | 4743 
83 45.04 24 meet: =n 39 ED, 
Feb. 1 Li 0 290 (alba : 
: 34 56.1 eg Ser oa 
31 16 25 22.9 : 68.0 : 
Bip ihdae | OA EL hae piece = ff a) 
fe40 ee BT 122 ya | to to 1 3.2 
Whirieay pig 1 seals 18.6 | ~ 11-8 |—9.6+3.0) —18.4 |+15.3 oan 
Hl. iesieee Oo L2h sen | Hise [e200 ts eee a4 
5 | Sa ee Ae ee eet 75 +60) Ss eet 3.4 
18} 18 1445.0 | ig 49.1 : 
ae 56.9 Ser Se teseecs 33 
$512 S845 | ol 46.8 Ss 2 es 
NO eae eB pert ys | aaah ie i pos 
sO Wer pa Ow 


In this case, the first, second, and last values of 4” are —3.2, 
—3.1 and —3.5, respectively, thus indicating a decided uniform tend- 
ency in the third differences. The first function in error is clearly 
the value for Feb. 7, and the last, that for Feb. 11. There may be an 
uncertainty of a unit or two in the values of their corrections at the 
outset; a few trials, however, will indicate that —3.2 is the best value 
to apply to +0.1 in 4”, and +3.0 to the term —11.8. By means of 
these corrections, the first three and the last two values of 4” are 
brought into practical uniformity. In the column ¢, « c, are given the 
corrections to 4”, according to the binomial numbers, 1, 3, 3, 1. In 
the next column, the sum 4’+¢,+¢, is written, which evidently requires 
a third correction, tabulated under c,. 

The differences are now sufficiently smooth. Since ¢, corresponds 
to a correction of —5".1 to 6 for Feb. 9, we conclude that the correct 
values of 6 for Feb. 7, 9, and 11, should read, —15° 12’ 9”’8, 
—14° 33’ 59"1, and —138° 54° 49”.8, respectively. 

It occasionally happens that some order of difference clearly 
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indicates a correction corresponding to the binomial coefficients of a 
lower order than that of the difference in question. This means the 
existence of an error in some earlier order of difference, rather than 
an error in the column of functions. For example, if 4” requires a 
correction of the order 1, 3, 3, 1, it follows that an error exists in 
A", since 4 is the. third difference of 4”. More generally, when 4” 
requires a correction according to the binomial coefficients of the m™ 
order, an error exists in 4°. These remarks imply the necessity of 
some caution on the part of the beginner. 

It will be observed that when either the first or last function of a series 
is in error, only the first or the last term in each order of difference will 
be affected, and only by an amount numerically equal to the error. Hence, 
in such cases, the method above explained is of little value. 

In general, it may be stated that when errors have been dis- 
covered by differencing, it is advisable to re-compute the values in 
question, when the data for the calculation are available. 


GENERAL PROPERTIES OF DIFFERENCES. 
11. Let F(t), P(t+o), M(i+20),..... represent any series 
of tabular functions, whose differences are taken as in the schedule 


below : 
RD) A RTE |, ee Aen Sst) 
F(t) 
a 
F(tto) rR 
A! Age 
F(t+2w) ZA 
Ay} 4!" Am 
: A!" Seen ) 
F(t +3o) 2 oer ae : Aor) 
: : , 2 AM 
. : Ar) 
A” 
Art) 
Flttso] : 
Af! , 
+1 At : 
Fltt(st1)o] ue S an 
|Pp2 ; AM, 
Flt+(st2)o] 41 Pie 
é . 0 s+1 
Aw e 
Aor) 
A 
oy ae 
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We shall assume that #’(7’) is a finite and continuous function, 
and that /’(t+sw) is capable of expansion in a series of powers of 
sw, within the limits of the given table; then, denoting the successive 
derivatives of #(T) by #'(T), F(T), ete, we have, by TAYLOR’s 
Theorem, the following expressions : 


F(t) = F(t) 


2 
wW 


w? w* Viv 
Fete) =FO+ oFO+ FRO+ GRVOt TEOt. 


2 3 4 

F(t+20) = F(t) + 20F'(t) + EAC) + oF Fl (t) + 16 Be (ce N50) 
2 4 

F(t+80) = F(t) + 30F" (t) + ne (t) + on Bi (t) + 817 Fr@t. 

77 o 71 z w* iv 

PUt4e) = FO + 4oF ) +16 FN) + 64 FN) + 2567 F(t. 


ot a se. Were 


Differencing these values of the functions in the usual manner, 


we obtain successively the expressions for 4', 4”, 4”. ..., as follows: 
WY oe PAE wo Fe) + wo Pie) + w! Five) + 
0 = off) ree ae) E (¢) ee ae 
i rae a ee oF 72 pm + 15° pw aS 
ARP TS BNO tT FO tb Se eae 
Al = oF) + 52 PI + 19” prt 65% PrEyt _ 
: . ae z te Aor: 
w? w® o* : 
Af = oF) + TT BGO + ST FG) be Tyee 
Aj! = oF") + wt F(t) + yy ot Fh) + . 
A!" = oF" (t) + 20° F(t) + 2g ot F(t) +. ‘ 
A," = w F(t) +309 F(t) + $08 FX () + . | ha 
Al = #& FV") +eo0F™GQ) +... . | 
AAI mee EOE EY Seat ECE cle mean (3) 


It will be observed that all terms of the expansions (0) are of 
the general form, Ko’ (t); where K denotes a numerical factor, 
and ” an integer which increases by unity as we proceed from any 
term to the next term following. Hence, the differences will contain 
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only terms of this form. We thus see, a priort, that any difference 
of the n™ order must be of the form 

AM = Au" PO (t) + Burt FM) + Cur? FO () + Dur FO () +, 


Let us now asswme what appears from (1), (2), and (3) to be 
the general law; that is 


A=1 y= nN 
leaving the coefficients B,O,D,.... undetermined for the present. 
We therefore assume 
Am — wo” FO (t) + Bae Seal) + C@"t? Ft?) (t) + Dog? ORY (Gy + A enehemt (4) 


Since the value of ¢ is arbitrary, we may write ¢+-o for ¢; by 
making this substitution in the right-hand member of (4), we evidently 
get the expression for the n™ difference immediately following 4, 
—that is, the value of 4. 


™. Hence we have 


AG — wow” Ho (Cars w) + Bo™ Ferd) (t+ w) + Owt? Ft?) er w) + Deo" (ns) é+ w) + ee 


Developing the functions of the right-hand member by TAy1or’s 
Theorem, we find 


sos = on] FOO + oR © +e Bes (t) += Fmt. | 
+ Bar| GY + oF (2) 4 2 a Boe (+t... 4] 
* Corte] Oe) + wo Cerne | 
+ Dor] JF (e) + oe a eee 
Collecting the coefficients of F(t), FM (t),...., we obtain 
AM, = o" B® (t)+(BH1) om BOM (1) + (c +B +7) ont? B42) (4) (5) 


“+f (D+ Cte +5) yeh Taran (G) laa 


Subtracting (4) from (5), and observing that 4%,— 4” = 4), we 
get 
i 1 
n zs wv n+1) é aves n+2 Fy (n+2) f C Fis) t 
seat Ot(F+5)s i tl eee 2 


+ (D+ ; ve oe are BENG) 
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If, therefore, we put 


1 
Vil t= JS 
TE 
jhe 
aay Oe Bae 
eG (6) 
(GC) fe il 
de Bee ane ORC 
we have 
AGH = ght FOF (1) + Blom? FOF (t) + Clot FO (t) + Dio POM (A... 7) 


Hence, if the general form of expression assumed in (4) is true 
for the index n, it follows from (7) that it is also true for »-+-1; 
but we see by equations (1), (2), and (3), that the law obtains for 
n —1, 2, 3, respectively; hence it holds for n—=4; and so on 
indefinitely. The expression (4) is therefore true for all positive inte- 
gral values of n. 

12. We have now to determine the coefficients B,C, D,...., 
of equation (4). These quantities are evidently functions of n and s, 
and will be determined in the following manner : 

First, we take s = 0, and determine the constants for 4, which 
we shall denote for this purpose by B,, C,, Dn, .-.-- 

These values are found by induction, thus: the relations (6) give 


Bay, Cua Dis 2 ee terms ol BC ee 
m= 1, we take B,, C,, D,, >... directly from the first of the 
equations (1); a continued application of (6) therefore gives succes- 
sively the values of B,, B,, B,,.. .. B, 4, 78,.. soumlany ew 
derive C,, D,,.... Hence, the coefficients of (4) become known 
for: “s= 0, 


Second, the coefficients of 4 easily follow from those of 4%; 
for it is clear from the schedule of §11 that 4 is related to 
F(t+so) in precisely the manner that «4 is related to F'(#). 
Hence, if for brevity we write 

AM = ¥(0 


we shall have, since the value of ¢ is arbitrary, 


AO = ¥ (t+ sw) 
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Then, expanding W(¢+sw) in a series of powers of Sw, We arrive 
at an expression of the form (4), in which the coefficients are fully 
determined functions of n and s. 

To perform the steps indicated, we take from the first of the 
equations (1) the following values: 


B, =+4 Cea Daa eens. (8) 


To find B,: By repeated application of the first of (6), we have 


B, = B+ 
B, = BS aa $ 
B, == B, aF z 
Be = DS, ar $ 
Be == Bes =e z 


Hence, by the addition of these n—1 equations, we get 


Bees Bee tO). = b+ 4 (11). (9) 


bo] 


To find C,: Using the second of (6), we obtain 


C,= O+ 
Gr OE 


5 ONE wR 


C = (Cae aE $ fos 1 + iy 
whence, by addition, we find j 
CO, = G+E(B4tB, +... . +B) +h -1) 
Since C,=4, -this gives 
Cm t(D Be a aR 
é r=1 
But, from (9), we have B,—= 4; hence we get 
r=n—l 


C= Drag ama ee Le =F Gaty) (10) 


aH | 6 


To find D,: Again, from (6), we derive 
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whence 


r=n—l1 r=n—l r=n—l1 


2 
D, = D+4+) 6,72) By ge Gea C+2 
1 ~ 6 a 24 ne 54 
From (10), we have 


r aye 
C, = yn = Por 


r=n—1 r=n—l 
: - ‘ en n n(n—1) n? 
Dom ete Dee — a [go— een] +44[ A] 7m 


poll r=1 
.o n? 
or Dd, = gg 1) (11) 


In like manner, the process might be extended to the values of 
Hof... .: but the sresultsnalready. obtained are here sufficient. 
Substituting in equation (4) the values of B,, C,, and D,, given by 
(9), (10), (11), (remembering that these values suppose Sa 10) ane 


have 


(12) 
2 
Ag = oF (0) 45 FO (1) + sq antl) ont (t) + ag ntl) om R(t) + 


We now obtain from (12) the expression for 4. As already 
proposed, we write 
AM == ¥(t) = o F(t) + Bio FO (1) + Clorh POM + . 
Then, as shown aboye, we shall have 
AM + t sw" // s¥w* Th 
™ = W(ttsw) = ¥(t) Re NONE ae (t) re G+ 


(nF + Baw FOO (f+ Cw? FO4) (1) + Dio FO (t)t 2 2. > 


at Sw (orem @)+ B. wth Ft?) (t) a Ceo thts) (t) + co: aoe ) 


s?u? 
at : (rrr (+ Baar om (f+ Ae ) 
su* 
eee (orn (nt . a7 +. 
7 
Upon arranging this expression according to ascending powers of 
w, we get 
2 
A” — who (t) + (B, +s) wth A mrD) (t) =te ( Cot B,s + =) ort Ret?) (7) (13) 


Bs? 4 =) w?t3 fi (nts8) (t) + . 
aA ss 


Hence, substituting the foregoing values of B,, C,, and D,, we 


+ (», + C8 + 
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find that the values of B,C, D, .... in equation (4) are as 
follows: 

. ML 

JE ss gts 


se Beg : 
C= gg Or ti) +5 mts) 


nt 2s\ [n(n +1 


(14) 


These results are easily verified by substituting special values of 
n and s, and comparing with the coefficients in equations (1), (2), (3); 
thus, putting s=—J], and taking n—1, 2,3, successively, we ob- 
tain the numerical coefficients in the expansions of 4, 4”, and 4,", 
respectively. 

13. Remarkable Formal Relation between the Hupressions for A,” 
and 4,.— The coefficients B,, C,, Dr,...., in the expression for 4,”, 
may also be determined by the following method, which not only is 
shorter than the above, but also possesses the advantage of showing 
a direct relation between the expressions for 4,” and 4,’, respectively. 
Retaining the above notation, we write (12) in the form 


A”) = oF (t) + B, ot FO (¢) + OC." FOM G+... (15) 
We now let 
SOD STEREO Sawa OR Ah ae a (152) 


be an auxiliary expression, such that the coefficient of y"'” is the 
coefficient of wt F(t) in (15). Writing n-+1 for n in (15a), 
and using the relations (6), we have 


: 
B, 


2 


1 2 yy, t if n+3 ’ 
Gin) = af (2, + =) yr + (C+ ar —) has (16) 
B il 
Pn ae ~) gf ts + s 
pe 


C 
ce (2. Te ea 


Again, since the coefficients of g, (y) are those of 4', we ob- 


tain from (1), 
aus 4a y? y® yt 17) 
eee erga 4 oe qi 
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By re-arranging the terms of (16), we find 


ges a n+3 2 n+4 
Pn l¥) = yg 2 P ar ai apo 
fe ant a+5 
¥ Y 
Eg Ph ee er Mn Ty a ee 
eat Bete oe 
ant 4 nts n+6 
C n+3 y y 
ey (i Pea iar od ) 
ere ats ae 
+ D, yt 4 ae oe | 
Ret ag aes Soda 
Banat ie 
ayly+ote te + a 
m+1 y y° Veg 
+BY foe 
aioe ¥ fee y 
+ Cy (y+ 24 e a : 
ts ¥ y" 
), n+38 Ca 
+ Diy ane et is a : ) 
eee eek: )( 
=(yt24i 42 yt By t+ Oy Pt Dy tt 
( PB BE qi a 


Hence, by (15a) and (17), we have 


AC LPR ed wT . Pn 
Taking “%->— 1°20, n—1, successively, we find 
G2 = TPs Po = Gi Qs 
Ps = Pi Po rs oe 
Qe = Pr Ps Pra = Pi Pr» 
Ps = Pi Pa Qu = Fi Pra 
Multiplying these equations together member for member, 


cancelling the common factors 


Pn a 


Therefore, by (17), we have 


, we obtain 


(1)" 


PrlY) = (y+ +— 


iad 


. Pn (YY) — 


y? 
isd 


4+ — 


y" 
es 


ated, 


Jar 


jae ee 


's 


e 


es 


y i me 
y" +5 Sis + si (3n+1) yt RB (aE gets + . 


and 


(18) 


(19) | 
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Comparing coefficients in (15a) and (19), we find 


n n? re 
C, = om (508 a Be eo ee ge th), a ts er (20) 


n 


BB, = 


nm 


to) = 


Substituting these values in (15), the latter becomes 
A= oF (+ 5 oI BOM) $ 57 Bnd 1) ot? FHM + (nt) ant Fi OQ) +. 


which agrees with (12). 


These results may be conveniently expressed symbolically: thus, 
let us represent the quantities 4,, 4,”, 4,!",.-. .4,% by 4,,42;4,% . . 4b; 
andeion nal (t),.0.0 (t),-a lh 4). 2.0. 0° (t) “let us write ane 
symbols: D, D>, D,...: D", respectively; then we shall have 


A, = D+ oe siete a \ 
; ey Bo eSB 3 
IO be € 1 
7 fps Ss FRC ER oe ele ye Sala) 5 
f= (Dt 74 e42 sat a D4 D Bigot Wine 
Ie JOE oo 5 
= (D ote Dee pe ps De 
( Pee os Eee Tas (21) 
IDE SUS ID 
po 2 +. ae 
: eB B dé 
== Db 5 "pet +3 (8n +1) DP + i (ence Od O42 re 


14. THrorem V.— The n™ differences of any rational integral 
expression of the n‘ degree are constant. If the general form of the 
function is F(T) = aT"+ BT *+yT" "+ ...., the constant 
value of A”™ WW wraln. 


For, from the nature of the function, we have, evidently, 


AM 

Cre 

C 

and ire (ea eri se) Ms = 0 


Fw (é) = 


Hence, from (4), we have 


AM = oP FOC) = oun (22) 


The theorem is therefore true, whatever the value of the constant 
interval w. Several examples have already occurred: in §2 we have 
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the differences of F(Z’) = T'—107°—20; here n=4,a=1,0= ly 


Hence, by (22), we get 
AVY = |§ = 24 


—the value already found by differencing. 
In Example I of §9, F(7) = 7’, o=1; we there obtained 
for the value of the third difference 
AGE es. 6 


which agrees with the theorem. 
Again, in Example I of §10, &(7) = 2725 TAU, Ga 
whence the theorem requires 
AM = of. = 2 == 12 


which is the result already obtained. 


15. Turorem VI.— Jf the n differences of a series of quantitres 
(tabulated for equidistant values of T’) are constant, the given quanti- 
ties are the tabular values of a rational integral function of the form 
PCD) Sad Be es . 

This proposition is the converse of THEOREM V, and is proved as 
follows: 

Let #(7’) denote the function whose true mathematical values, 
tabulated for the given values of 7’, form the given series of quantities. 
From (4) and (5), we see that the expressions for sa” and 4”, agree 
only in their first term, wf (¢); the remaining terms of like order 
in » haying unlike coefficients. Hence, the conditions necessary in 
order that 4” shall be constant throughout are as follows: 


First, that ow"f(¢t) does not vanish; 
Second, that. of APO? (1) So Oe) oe 


2) 


But, since w cannot vanish, these conditions reduce to the form — 


yt (n) = 
F' (t) 2 0) (23) 
LE OTL EY = f(r?) (¢) = = 0) 


If now we put 
DL se* ti¢ (24) 


then, by T’Aytor’s Theorem, we have 


THE THEORY AND PRACTICE OF INTERPOLATION. 25 


2 n n+1 
ee ee ee Oe oO ee dt : 
By (23), this gives 
WD ere (OE BLY ene 5 re Oe = FO (t) (25) 


in which, we observe, the coefficient of*7” cannot vanish. Substituting 
in (25) the value of 7 given by (24), we obtain _ 
PL) (Dye (28 bic (rp 0 + Se aie, - @-y 
Since ¢ has a fixed value, the right-hand member of this equation 
is an expression of the m™ degree in the variable 7’, and hence may 
be written in the form 


F(T) =aT*+ Bro tyPet so... (26) 


which establishes the theorem. 


16. Convergence of the Differences in Practice.—In the discussion 
of Theorems V and VI, we were concerned with the true mathematical 
values of the quantities involved. In practice, however, the absolute 
or true mathematical values of functions are seldom employed; fre- 
quently, as previously noted, a function is tabulated only to a certain 
degree of approximation, enough decimals being retained to give the 
desired accuracy. We observe that in such cases there is a tendency 
of the differences to decrease numerically, and usually to vanish sensibly, 
as the order of difference progresses. The explanation of this tendency 
follows readily from equation (4), thus: for any given function, the 
ein abiges = cl OL (LP) y oa os have definite values; 
hence, the value of w may be chosen sufficiently small to render all 
the terms in the second member of (4) insensible, except the first. 
When this condition obtains, the value of 4” is sensibly constant, 
and equal to w"f™(¢). ‘The differences of #(7') are thus practi- 


th order, whether the function 


cally brought to a termination at the n 
is algebraic or transcendental. 

In many cases the values of the successive derivatives converge 
rapidly; the chosen value of » may then be quite large, and yet allow 
the differences to sensibly vanish at an early order. ‘This is equivalent 
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to the obvious statement that, when a function is to be tabulated so 
as to difference readily, the interval of the argument must be decided 
by the manner in which the given function varies. 

To exemplify these principles, we take the following table of 
seven-figure logarithms: 


Te Log T A! valli gli 
1.00 | 0,0000000 oa. 
1.01 .0043214 Sater By me 
1.02 .0086002 49370 418 | 9 
1.03) 0128372") <cer7 |" "409 : 
10d 011088 ae aha t0) | ae 
LO5A O2803 49 cee 898 
1.06  0.0253059 

| 


Iv this case, o = 0.01, (= 1.00, t-+ «= 1.01, 74-26 = 1 02 ete: 
To serve our present purpose, we here transcribe from (1), (2), and 
(3), the following expressions: 


wo” w?® w* ‘ 
Al = oF O45 F'O+ GF" O +5 F"Ot - 
4! = oF" (t) + oF" (t) + yy ot FX) 4+ . 
At = 8 FM" (43 APY (O)+ . ; 
AS’ = AF*(@)4.... 


(27) 


— 


Since /’(7") = log T, we have 
LUG) = Me, FUG) = — Ne, PG) = OM Pe Oe 


where M is the modulus of the common system of logarithms, = 0.434294. 
Hence, with ¢=—1 and wo=0.01, we find 


wF! (t) +0.0043429,4 oP) == 4-0.0000008,7 
wl" (t) = —0.0000434,3 wth’ (¢) —0.0000000,8 


Substituting these numerical values in (27), we obtain, in units 
of the 7th decimal, 


A! = +48214 Aj! = —426 A, = +8 AY = 0 


0 0 


which agree substantially with the results obtained above by direct 
differencing. The rapid convergence of the differences is thus seen 
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to be due to the small value of the interval #, which makes the term 
wo” (¢) appreciable, but renders of (t), w H(t),.... quite 
insensible; accordingly, .’” is the last difference which we need take 
into account, the remaining differences being practically zero. 

‘We may add that. if the values of Z in the present table were 
100, 101, ete., instead of the given values, the interval » would become 
1 instead of 0.01, and hence «@, , w, ot, .... would not converge 
as above. We should then, however, have ¢= 100 instead of 1, 
which would cause the successive derivatives to converge rapidly, as 


is obvious from the general expression 
a 
BN ae ae a ier ae 


Furthermore, the differences of #’(Z') contain only terms of the 
form 


Kor F (t) = (—1)'9 KM jn—t (2) 


where A denotes a numerical factor; hence, since the values of » and 
¢ are both increased one hundred-fold by the assumed change, it is 
evident that the general term Ko"F'(t) is not altered thereby. 
The differences are therefore unaltered by the proposed change; this 
conclusion is confirmed by the consideration that the assumed altera- 
tion in Z’ would merely change the logarithmic characteristic from 0 
to 2, and thus would not affect the resulting differences. These ob- 
servations illustrate the case of a tabular function whose successive 
derivatives converge rapidly, whereby a comparatively large argument 
interval may be used, and yet allow the resulting series of differences 
to converge as rapidly as may be required. 

17. As a second example, we consider the following table of 


cubes: 

i a . | T3 WI Jj jue 
5.16 | 137.39 | F, 

pole) 14142) “Gis | +008: 
5.26 | 145.53 fe | 08 lei, 
evil 726) x) 2 08)) 
5,36 |.153,99 | . 4a. 08 | 6 
BAL | 158.34 | 1445 | +0.08 | 
5AG | 162.77 Bon | 
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We have already seen (Theorem V) that when the true mathe- 
matical values of Z™ are tabulated, the third differences are constant, 
the fourth differences being the first order to vanish. In the present 
table, however, only two decimals have been retained in Z”, whereas 
the true value involves six places. To this degree of approximation, the 
third differences are entirely insensible; this follows from Theorem V, 


which gives for the constant value of 4” — 
Al oe wet | 
In this example we have 


w = 0.05 a=1 
and hence © 
A! = (0.05)? 6 = 0.00,075 


which is insensible when only two decimals are concerned. Thus, in 
the approximations so frequently used in practice, the differences 
generally terminate (either absolutely or approximately) at some order 
earlier than would occur if the true mathematical values of the function 
were employed. 

It may be added that the above example affords an illustration of 
Theorem VI. For, since the second differences are here absolutely 
constant, it follows from this theorem that the tabular quantities are 
the true mathematical values (corresponding to the given values of 7’) 
of some function of the form 


P(L) =a? +prt+y 
Thus, in particular, if the student tabulates the function 


F(T) = 16 (T?—5.3325 T+ 9.476975) 


: igo rae BAG : ‘etal ; : 
for TZ’= 5.16, 5.21, .... 5.46, and retains all decimals involved, 
he will find his tabular numbers identical with the above series. 

18. Zo Hapress wF™(t) in Terms of ay, ag, 4, ete — 
I'he problem consists in reversing the series (15), which expresses 
A® in terms of «oF! (ema ie yy 

: > r BW) y . 1+] 7 

Let us denote F(t) by o,; then, writing successively, 

n, n-+1,n+2,.... for mn in (15), we have 


Y) 
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(n) a i y 
A eto es bin ce Cardia, ce Da : 
A+) — ob HE + D 
Ot = Wnty T Bry enpe T Cn Ents dase ee Ste (28) 
7 KG aay + + D 
o a 49 Baio Tn+3 Cate Unt4 n+2 Ents a es 


from which we obtain, by transposition, 


. eee (m) ; op 
x n cad A = Ie ety a C, Lrtro ae De Wi ras ae 


_ (n+1) / a 
Cat = As ae Tosa Ente a n+l Ly+3 a De x i (29) 
wet 


a n+2) . 
Late ar A aaa (ae Enrs — Ce Cnt — Ds Ent+5 ie 


The second of the equations (29) gives a value of @,4,, which, 
substituted in the first equation, gives x, in terms of 4, 49, ayo) Pris +5 
substituting in the latter expression the value of 4 given by the third 
or (29), we find a, in terms Of “AP 2AS™, AP), firs, Tauro + - Con- 
tinuing this process of elimination indefinitely, we arrive at an expres- 


sion of the form 


x 


Sot G) = AP +5, Ar Fo, AG +d AO + (30) 


The coefficients 0b,,¢,,d@,,-.--+ must now be determined. From 
(15a) we obtain the following group of equations: 


Dn — af + iby, yet + C,, gene + 10, gene he Seer ) 
pt ae Bia re a Cea ott of: Dass Oa Gis 9 Oe (31 
yn? at Beye oes Care AL Dae yn ELE ene 3 ol) 


p n+1 


I 


Pp n+2 


Comparing (28) and (31), we observe that the latter group may 
be obtained from the former by writing g, and y’ for 4 and 2,, 
respectively; the algebraic relations in both groups are otherwise identi- 


n 


cal. Hence, if from (31) we seek to express y” in terms of 


eevee Gams -- + +> tae process of reversion will be identical with 


that which gives x, in terms of 4%, 4,. ©. «5 hence we must find 


yf" = , + b, Dnt1 + Cy Pre = d,, P43 = ugten. ve age (32) 


the coefficients being those of (30). Therefore, by (18), we have 
meth eet C2. Qe th, Gy ts 8s (33) 
Taking n—=1, in (80) and (33), we obtain 
Bee Fei Adicee, A td AS, GS (34) 


and , 
y= gtbhgitagitdgit.... (35) 
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From (17), by adding unity to each member, we have 


i= i pe ee a = (36) 
Py 7] Taare bn 
or 
y = log, A+q,) (37) 
mY = 9 —-t¢g/7 + 49° —t9, + Ou Ohm 1S (38) 


Comparing coefficients in (35) and (38), we find 
b= —% y= th ; d, = —4 NT (39) 
Substituting these values in (34), we obtain 


/ iT iv 
2, = of /(t) = eee ges eh (40) 


Again, from (38), we derive 


i 2 C 3 4 nm 
oe (G44 Oy ee . (41) 
nn gyi n n+1 mu 2 = n4+2 n 7) sx n+3 
SP a 5 + 5 (Bn t5) gi vo ag (VF 2) (nF) gy Cio mel (42) 


Equating coefficients in (33) and (42), we find 


fe Mes hte te + 3 (Bnt5) a ae — Fg (nt2) (n+) jay A aS 


These values being substituted in (30), the latter becomes 


eres n n . ma ee “ 
eG) Pe) ae A 5 Aer) o4 (DHA O Ale RB (n+2) (n+3) At) + . . (44) 


Using the symbolic notation adopted in (21), we have the follow- 


ing. expressions : 


D= 4,—442+34i,-—t4i+2445_-. 
D'= (4,-442+442-44!+ Y= 42—Aet+h 4t —AS+ . 
D= (4,-44)+)42-44'+ ...)) = AS—84ityds—is ast . 


(45) 
Dp = (4,—4 ; Pesan i A + ra aa <= 6 Ve 


n n * - 
cA ge om (S70 42b) Zit = na (nt 2) (n+ 3) Art +. 


» 


19. Hiffect of a Change in the Argument Interval wo, wpon the 
Magnitude of the Several Orders of Differences. — Let us now suppose 
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that a second tabulation of #”(Z’) has been made, differing from the 
first only in the value of the interval, «. Let o’ = mw _ be the in- 
terval of the argument in the second table; denoting the differences 
by 98, 6°,8",...., the new table will run as follows: 


fl F(T) }! ol oll div 


, F@ 
Cige Heol (ts mo) 0 8!" 


/ 
t+2mw |R(e+2me) | %,.| 3" | %,, | 3 
| t + 3mw | FP (t+3mw) 5 C7 
t+4mw | F(t+4mw) i ; 2 


We proceed to investigate the relations between 06, 6",8",.... 
and 4’, 4",4"”, .... No restriction is placed upon the value of m; 
in the applications of the resulting formulae, however, m will usually be 
regarded as a positive proper fraction. The second tabulation will 
then give the function for closer values of 7’ than the first. 

Since the value of w is arbitrary, we may write mw for o in the 
right-hand member of (15), and thus obtain the expression for 6,” ; 
making this substitution, we find 


5”) as mon Hm (t) + Bym n+l otf (m+1) (t) + Cm n+2 wrt? Ft?) (t) + rene ae (46) 
If, as above, we write ~, for w’F™(t), this equation becomes 
NE Se SN y ea I SENAY a Pe pd 0 RE sr fas er (47) 


From (30) we obtain, in succession, 


2, = AM +b, AED + 6, A? + d, Ag? + ele, 1 
Bpay = MAY A By yy AOA Oy AMF Gey AO +e, | (48) 

iliminatine” 7,2, 41.-5-..> +5 from (47), by means of (48), there 
results an equation of the form 


Oat’ ot edie etn Aes Te Pea) me (49) 


which, for »=1, becomes 


Sh = m4 t+ BA tyAlit...% (50) 


0 
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Now let 
2, Sy Be EC ae ees (51) 


be an auxiliary expression, such that the coefficient of y"t” is the 
coefficient of 2,,, in (47). 
From (33) we obtain, in succession, 


Y = Grog Teg + dg: + aoe 
yee = oo 15 Os git 8 Cnty oc Ze Gray ‘in ag gee aed (52) 


Now, to eliminate y’,y"",.... from (51), by means of (52), 
we must perform precisely the same algebraic steps as in the deriva- 
tion of equation (49) from (47) and (48); we shall therefore obtain 

Sa Ure a RE A as eid re Ma (53) 
and, for n=1, we have 
STG Be Ge eon gy te eee (54) 
Now the equation (51) may be written 
o, (ny )* oP By) oe ny ee 


Whence, by (15a), we have 


z, = @p, (my) (55) 
and hence, also, 
pr (my) 


Il 


%y 
ormiy Chi), 
(my)? (my)®  (my)* 
(e i ia 
itz, = em (56) 


= emy = al 


a = (my) + 


Also, from (86), we have 
it Se gy, = Ad 


the combination of which with (56) gives 


; m(m—1) , (m—1). . (m—r+ 
f +z, = me = mG + m ) y+ eae m(m z ) : (m r re 
or 
4 m (m—1) pac RY m(m—l1)... (m—r+1) oy 


2 , Ir 


ay = Mm (Py 


See a (57) 
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Comparing (54) and (57), we find 
_ m(m—1) _ m(m—1)(m—2) 
A, = ore , 1 = o , SLO it ie ie (58) 


Substituting these values in (50), we obtain the following funda- 


mental relation: 


nm —1 ears fart Get Lk 
Nee et a ee) ie ee ee 50) 
2 
Again, using the relation , = gy", we obtain from (55), 
% = Y,(my) = $g,(my)}” = 2} (60) 


Hence, from (57), we find 
m(m—1) ,, m(m—1)(m—2) , a 
2 Gy + 3 GPS oh 0 oe 
Expanding and factoring, we obtain 


2, = (mot 
f= MD 5 m” (m—1) gt + 5g] Ont 1ym—Gnt5)| m” (m—1) gr? 

a Be Met Nm 2 (wt nt 1) m + (a t2)(0+3)] m"(m—1) grt... (61) 
Equating coefficients of like powers of g, in (53) and (61), we have 
B= 5m(m—-1) , yw, = 4 m” (m —1) | n+) m—Gn+5) | pe OD 
Substituting these values in (49), the latter becomes 
i” = 0 As” + =m" (m—1) Ayr + _m (m — 1)| (@n+1) (oe @n+5) | Ay" (68) 

a" q m” (m—1) [monty (2+ 3n+1)mt(n +2) n+) | PLD ga ie a 


Finally, we may symbolize these results by the following expres- 


sions: (64) 
a(m—1 1(m—1)(m—2 m(m—1)..(m— 8) | m(m—1)..(m—A4) | 
5 es a D424 m(m os ) 4,24 ( = ( dass ( e ( ) 484 c 
m(m—1 m(m—1)(m—2) ,, ‘ 
Oy = (m4, + ( 2 ) 424 3 aes a penn: 
wea 2 
= m*47+ m?(m—1) 4°+ io (m—1) (7m—11) A+ 3 (m—1)(m—2)(8m—5)4°+ 
32 — [md py ae 12 mA P+ % m3 (m—1) 4* + as (m—1)(5m—T) 4+... 
eae iar 2 Os Aeaeceee aes =a. 2 0 4 0 
m(m—1) ,, 4 aye out 1) 48 m4 ; 1) (12 17) 48 
oe (may ata Bie Sv etie = m'dji+ 2m4(m—1) 4) + A Gi —1) ASmM—1T) Aot cc. 


5 
8,5 = (met “oe Ae hs ) = mAe+ 8 m?(m —1) 4,°+ gm? (m— 1) (4m —5) ZA be tact est 
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90. Turorem VII.—Jf the n™ differences of a given series of 
functions are numerically large as compared with all the following 
differences, then, if the series be re-tabulated with the argument interval 
m times its original value, the n” differences of the new series will 
be approximately m" times the corresponding n' differences of the 
original series. 

The theorem is a direct interpretation of equation (63 )2 or at 
APD, ACD, . are all small in comparison with 4, then the ap- 
proximate value of 6,” mA”. 

CoroLtiary.— If the n” differences of the given series are con- 
stant, then the n' differences of the new series are also constant, and 
equal to m” times the original n™ differences. 

For, if 4© 
hence (63) gives, rigorously, 


is 


is constant, Je), 4), , are all zero, and 


5 a= a 


21. 
table of cubes: 


To illustrate the foregoing results, we take the following 


Pod RT ats A! au an 
100 | 1000000 ; 
1031 1092797) ashen OBB? Ieee 
2 “ 792 62 
106 | 1191016 “4 jp7a | OE ee 
109 | 1295029 O1. oMeees ese 
109899 | | ° +162 
112 | 1404928 | , 545947 | +6048 . 
115 | 1520875 ges 
Here the interval »=3. If we take m=jZ, the interval is 


reduced to 1, and hence the new table 


is as follows: 


T T3 6! 6! oll 
400 | 1000000 | , ... 
' 101 | 1030301 | 130891 | +606 
| 102 | 1061208 | 29997 | 612 | +6 
103 | 1092727 | 21519) gig] © 
| 104 | 1124864 | , 22187 | tena) +e 
© 105 | 1157625 182761 | 


We now test the 


first three of the equations 


(64); substituting 
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in the latter m—=+4, and observing that the differences beyond 4” 
vanish, we find 
aA Ae, 8 A eg 8 pi (6B) 
From the first of the above tables, we take 
A! = +92727 A! = +5562 A" = +162 
Whence, from (65), we derive 
§,/ = 30909 —618 +10 = 30301 6;' = 618 —12 =~ 606 On == 6 


which agree exactly with the values found in the second table above. 
It will be observed that 6, and 6,’ come within 35 part of equaling 
44, and 14,", respectively; while 8” = 3,4,’", exactly. These rela- 
tions are in accord with Theorem VII. 


22. To Hupress the Differences of F(T) in Terms of the Given 


Functions only.— Let the given series be , /,, &,, 3, ....; then 
the first differences are #,—/,, /,—/,, #;—/,, ....; the second 
differences, #,—2",1/%,, #;—2,1 /,,....; the third differ- 
ences, F,;—3F,13F,—M, #,—3f,;+32,—M,....;3; and soon. 
The coefficients evidently follow the binomial law. Thus we have 
generally 

(66) 
A? = eee ee) ae OF ee (an oe ye 


in which, according to the usual notation, we put ,C, for the co- 
efficient of x” in the expansion of (1+ 2)”. 

To prove (66), let us assume it true for the index n; then the 
expression for the n difference immediately following 4 (we., 4”) 
will be obtained by increasing the subscripts of #,, #1, .... im 
(66) by unity. We therefore have 


AM = Puy — nF, + ST) ie ies oc Va nen e A ce Gedney (67) 
Subtracting (66) from (67), we find 


+1)n 
Ay) = Am = AY = re — (n+1) feet (nm ; yn PF 
+(—1)" GUC res A Cay seein are er (—1)"(n +1) PF, +(-1)"7 FP, 


n—1 
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But, as proved in Algebra, we have 


n Cas ag n Ce = wt Cay 


and hence the preceding equation becomes 
(68) 
Beg he SC ee 


y 


jet= he athe le a 

It follows from (68) that if the law expressed in (66) holds for 
n, it also holds for n-++-1. But we have seen above that the expres- 
sion is true for »=1,2and3. Hence it is true for n=4, and 
so on indefinitely; the equation (66) is therefore true for all positive 
integral values of n. 

23. To Express Any Function of a Given Series in Terms of Some 
Particular Function (1), and of the Dufferences (dp, 0), Gs .-- +) 
which Follow that Function.—As before, let , Ff, #2, &3,...-. 
denote the given series, the differences being taken as in the schedule 


below: 

BEST) J! gl gl div Av dvi 
aa is 
gh ees nel ay 
Jae b, vis On 
F. CAR: 1 | d SOs Meee 
F ls . Cy 2 e, ° 
Fs re oS 
F, ree Gm, 
Fy wis} 5 


Let it be required to express /, terms Of 1), -ay,00y;0c,-80 ean 
From the nature of the differences, we have 
Ra= F,+ a, 
dpe nN ak ay oye (Ft 4) fe (a, +,) =f, ae 2a, ras 
Peay. td, (A, tZa,tb) + (a,+25,+e,) = F, + 3a, + 3b, +o, 
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and so on. The coefficients again follow the binomial law, which sug- 
gests for the form of the general term — 


s n(n — I = GO oe 
fF, = Fo+na,t+ nS Va ( x Jaa Rae ae (69) 


To prove (69) by induction, we assume that it is true for the 
index n. Moreover, we evidently have 


- 3 
ay ro EE sie ay, 


iy Cxmiavenows und) d,eim- terms ol, 4., by, °y5. dp aes a efrom 
(69), —since the relation is here the same as the relation of F,, to 
CeCe? thus we-obtain 
n(n—1) 
a, = a + nb, + ———c,4+ . 


fs 
Adding this value of a, to that of /, given by (69), we find* 


ie (n+1)n(n—1) “, 


Fis = Fta = Ft+ m4iat 8 


Ga ee G0) 


0 


(n+ 1)n b 
IZ 


Thus, having assumed the relation (69) to be true for the index 
n, we find by (70) that it is also true when n+1 is written for n; 
but we have shown directly that (69) holds for n= 1, 2 and 3. 
The formula (69) is therefore true for all positive integral values of x. 


* We here omit the proof for the general term, since the process is the same as in § 22. 
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EXAMPLES. 


1. Tabulate the five-place logarithms of 25, 30, 35, ... . 65, 70, 
and take the differences to the fifth order inclusive. Retain a copy 
of the table for further use. 


2. Tabulate #(7’) = log cos7Z, to five decimals, for © 7’ = 50°, 
53°, 56°, .... 74°, 77°; difference to the fifth order, as in Hxample 1. 
Retain a copy of the table. ; 


3. Verify the accuracy of both the functions and their differences 
in Examples 1 and 2, by noting the degree of regularity in 4, accord- 
ing to the method of §8. 


4, Also, rigorously check the differencing in the above examples, 
by taking the algebraic sum of each separate order, as explained 


in §3. 


5. Add the two series of functions tabulated in Examples 1 and 
2; difference the new series as before, and see that the resulting 
values of 4” are the sums of the fifth differences of the other series, 
according to Theorem IV. 


6. Correct the errors in the following tables by the method of 
differences: 


(a) 0”) () 
T Tiry= - sept tees Be ect ok Latitude | Reduction 

0.21 4.762 10 5 19.2 0 | 0 0.00 
23 4.348 12 A 27.5 2 | 0 48.02 
25 4.000 14 3 49.5 4 1 35.80 
27 3.704. 16 3 18.4 6 | 2 2312 
29 3.465 18 2 BT.B gn) Sere 
31 3.996 20 2 38.8 10 | 3 5511 
33 3.030 29 2 23.3 12 | 4 40.05 
35 2.857 24 2 10.2 14 | 5 23.98 
37 2.703 26 1 58.9 16 0 sent OP 

0.39 2.564 Mi 18 | 6 44.86 

ae eee 
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~@) (¢) (f) 
Te F(T)=T snr Date Log. Dist. of Date Lunar Dist. of 
1898 Mars from Earth 1898 Jupiter 

° / y 

0.48 0.7125 Sept. 17 0.139162 Decs1.0 105: bo 59 
OO 7173 21 wo0S19> | 1.5 99 18 28 

OZ 7226 25 122145 2.04 95 -d1e51 

4 1273 29 115130 2.5 | 87 44 46 

06 T3849 | Oct. 3 103759 3.0 81 57 48 

58 | .T419 ic 094015 S00 hOmLOn 7 

60 | “T7494 | ila 083857 4.0 | 70 21 14 

62 7968 15 073360 4.5 | 64 30 37 

64 | .7660 Lg 062478 5.0 | 58 39 44 

.66— | TT51 23 051135 5.5 | 52 42 5 

.68 T7847 | 27 0394388 6.0 | 46 43 12 

70e | T94T ol 027351 6.5 | 40 40 43 

0.72 | 0.8052 Nov. 4 0.014875 7.0 | 34 34 29 


7. Tabulate the following rational integral functions for the as- 
signed values of the argument. Before taking the differences, state 
at which order the latter become constant, and compute the constant 
value in each case, by Theorem V. Then take the differences, and 
see that the results agree with the computed values. 


(a) F(L) = T°’—50T*+ 10072 


(Tabulate for 7 = —8, —6, —4, —2, 0, +2, +4, +6, +8.) 
Gy ye 27 7h — 4002 (== 310,83, 8.6... 2 2 9.8.) 
(oy FCP) = 016 T*— 037°. CLA OO he) 


8. By means of the first of equations (1), compute the value 
of 4’ which immediately follows log cos 56° in the table of Example 2. 
The value of » (=38°) must be expressed in circular measure. Com- 
pare the computed with the tabular value. 

OD ‘Vabulate” (7) = log 7, ‘to five places of decimals, “for 
T = 30, 40, 50, 60, 70; denote this table by B, and that of Example 1 
by A. A and B then differ only in @, the interval having now been 
doubled. Then, in the second of the equations (64), put m= 2, and 
substitute from A the values of 4,", 4,', 4”, and 4,°, which correspond 
to @—40. Whence, compute the value of 6,’ corresponding to 
T — 40 in B, and compare computed with actual value. 

10. In Example 1, compute the quantities 4,” and Ff, (= log 50), 
by (66) and (69) respectively; compare the results with the values 
found in the table. 


CHAPTER II. 


OF INTERPOLATION. 


24. Statement of the Problem.— Given a series of numerical values 
of a function, for equidistant values of the argument, it is required to 
find the value of the function for any intermediate value of the argu- 
ment, independently of the analytical form of the function, which may 
or may not be given. 

Interpolation is the process or method by which the required 
values are found. 

Without certain restrictions or assumptions as to the character of 
the function and the interval of its tabulation, the problem of inter- 
polation is an indeterminate one. Thus it is evident, @ priori, that 
from a series of temperatures recorded for every noon at a given 
station, it would be impossible to obtain by interpolation the tempera- 
ture at 8.00 p.m., for a given day. If, per contra, the thermometric 
readings were recorded for 7.00, 7.10, 7.20, 7.30,.... PM., it is highly 
probable that the temperature at 7.14 p.m. could be interpolated with 
accuracy. 

The Nautical Almanac gives the heliocentric longitude of Jupiter 
for every 4th day; but, because of the slow, continuous, and syste- 
matic character of Jupiter’s orbital motion, it is found sufficient to 
compute the longitudes from the tables direct for every 40th day only. 
The intermediate places are then readily interpolated with an accuracy 
which equals, if indeed it does not exceed, that of direct computa- 
tion. 

The moon’s longitude is given in the Nautical Almanac for every 
twelve hours; for the moon’s orbital motion is so rapid and compli- 
cated that it would prove inexpedient to attempt the interpolation of 
accurate values of the longitude from an ephemeris given for whole 
day intervals. 
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It therefore appears that, to render the problem of interpolation 
determinate, the tabular interval (#) must be sufficiently small that 
the nature or law of the function will be definitively shown by the 
tabular values in question. The condition thus imposed will be satisfied 
when, in a given table, the differences become either rigorously or 
sensibly constant at some particular order.* This follows from the 
fact, soon to be proved, that for all such cases a formula of interpo- 
lation can be established, either rigorously or sensibly true, according 


to the foregoing distinction. 


25. Hatension of Formula (69) to Fractional and Negative Values 
of n, Provided the Differences of Some Particular Order are Constant.— 
We have shown (Theorem V) that the differences of a rational inte- 
gral function vanish beyond a certain order. We proceed to prove 
that, for any such function, the formula (69) is rigorously true for al/ 
values of n. 

Let #(7) denote any function whose differences become con- 
stant at the order 7, and let 4®—=4; (7) and its differences are 
then shown in the schedule on following page. 


* Excepting, of course, any periodic function whose tabular interval (w) differs but little from 
some multiple of its period, P. An example of such a series is the following : 


‘ Heliocentric | 

Date, 1308 | P8E Cte Longitude, A! Al am | 
of Mercury 
° / 3 tl / if 
Jan. 4 4 93° 30 ao 
Apr. 4 poe naioe a, Meta Ey 26) 2 
July 3 184 117 +40 11 34 33 ais 
Oct 7} 274 129 14 410 86 —38 
Dec. 30 364 140 10 
where P (the time of one revolution of Mercury) = 87.97 days; and hence w = 904 = P+ 24.03. 


The differences 4! therefore correspond to a tabular interval of 2.08 days, and not to the interval 
90 days, as the table itself would indicate. Now, the actual value of Mercury’s longitude for Jan. 14 
is found from the Nautical Almanac to be 1 = 149° 40’; if, however, we fail to account for the 
periodic character of this function, and argue solely from the numerical data at hand, we find by a 


rough interpolation, for Jan. 14, 
b= 03°0 Ge 12°.6) = 94.4 


which bears no relation to the truth. The possibility of thus committing serious error through fail- 
ing to account for completed periods or revolutions, suggests the necessity of caution in this 


direction. 
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T F(T) my Hid cee eee) 
t fy, a, . 
t+w i - a 
t+2u F, 2 b, : 
t+3o F, 2 b, 0 
; i 
l, 
. . ‘ | d, 
Cassy Maher a alee, Digs 
t+(it3)o | Fu, it 


From (30) we obtain, in succession, 
wf FO (t) = AP +b, MMF 6, AA+ 


wit yma (a = Ag + O34 AS?) a 
oP? FH) (2) = APT. 2... 


With the condition assumed, these equations give 


FO) =| 
wt FED (ft) = wit? FU) (Pyotr. en ee 0 


Hence, in this case, the expansions (0) end at the (¢+1)th 
term. It follows that, under the present assumption, the expansions 
(0) are valid; in other words, #’(¢-+-nw) is capable of expansion by 
Taytor’s Theorem for all values of » within the limits of the given 
table. Hence, for all such values, we have 


Be i 4 
F, = F(t+ no) = F()+ noF! (0) + a Poe ee = FO (t) (71) 


Let us now consider the expression 


n(n—1) n(m—1).... . (4#—itl 

7 Rae Me ae > ) i ( ) l, 
Substituting, successively, n—0, 1, 2, 3,....%2+8, im (72), we 
get, according to (69), . 


C= Fina, + (72) 


Q = 2%, i, ae Pe, ss igs espera 


Substituting these same values of » in (71), we evidently obtain the 
same results, namely — 


fF, = Fy; Fy, By Dy 2S a eee. 


n 
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Hence, #, and Q are equal to each other for more than 7 values of 
n. But #, and Q are both expressions of the degree 7 in n. Now, 
when two expressions of the degree ¢ in are equal to each other for 
more than 7 values of », they are equal for all values of n. There- 
fore, for all values of n, fractional and negative, we have 


a(n —1 p—1). . . m—itl 
“ Linar hae Gee ) ' (n—t - 
provided that 4% =—J,= constant. This is the fundamental formula 
of interpolation, and is known as NEwrTon’s Formula. 

26. Second Proof of Newton’s Lormula, for Constant Values of 
4A®,— Formula (73) is readily proved by means of equation (59), in 


Fi = F(t+no) = P+ na,t+ (73) 


which m may have any value. The only condition necessary for the 
validity of (59) is that the expansions (0) are themselves valid. But 
since we assume that the differences beyond 4 vanish, it follows (as 
proved in the last section) that the expansions (0) are valid. Hence 
(59) gives, rigorously, 


fe mim—l). . pie) A 
es 
From the definition of 8 (see schedule, p. 31), we have 
6, = Fétme)— Fe) = ¥,-%) 
ho= Bitnme) = §,6,' 
m(m 


= miii—1L), so. (=o 
= Ft maf + SD) Age We ) ; (m—i ) 40 


which is the same as formula (73), except that m is written for n. 


27. To Find n, the Interval of Interpolation.— The binomial co- 
efficients of Newton’s Formula are given in Table I, for every hun- 


dredth part of a unit in the argument n. The quantity n is called 
the interval of interpolation, and in practice is always less than unity. 
To obtain an expression for n, suppose that we are to interpolate the 
value of the function corresponding to the argument 7’, whose value 
lies between ¢ and ¢-+; then we shall have 

Eo = Frio) = ET) , o thre = TL 
and therefore 


n= ied (74) 


which determines the interval n. 
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28. ExampLe.— From the following table of 7", find the value 
of (2.8)* by Newton’s Formula: 


T | F(T)=T J! an | am Av | av 
2 16 
4 256 | | 240 1’ 4 g0o0 
1040 +h O6D.A\ ae 

6 1296 1760 +384 

| 2800 1344 0 
8 4096 eee | St0ds|> one eee 
10 | 10000 4839 8 | 4984 

! 10736 49112 
12 | 20736 | , 50026 | +6044 
14 | 38416 


Here we have 


T = 2.8 a, = +240 
t= 2 b, = +800 
nS 2 Cy = +960 
Qe 28 ee 04 od =e, O84 
Fo=76 C= 0 


It will be convenient to denote the coefficients of a,b), G,..-- 
in (73) by A,B, C,...., respectively. Then, from Table I (with 
argument n= 0.40), or by direct computation, we find 


A = +0.40 C = +0.0640 
ye) D = —(.0416 
We therefore obtain. 
F, = +16.00 
Aa, = +96.00 
Bb, = —96.00 
Co, = +61.44 
Dd, = —15.9744 


-. (2.8) = Fy, = +61.4656 


This result is easily verified, and found exact to the last figure. 
However, since Table I does not in general give the exact mathe- 
matical values of the interpolating coefficients, it follows that functions 
interpolated in this manner cannot always be absolutely correct. The 
results may be, as in logarithmic computation, but close approximations 
to the truth. 

29. Backward Interpolation.— When the interval of interpolation 
approaches unity, it is usually more convenient to proceed backwards 
from the function which follows the value sought. The problem, 
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therefore, is to find F_,; for this purpose, let #’(7Z’) be differenced as 
in the schedule below —the values of 4 being supposed constant as 


; before: 


Th F(T) JA faye A div aieoreas A® 
i301) F, by lg i 
pes oe. 7 ol re apa area 
t—w ss e = =8 (ee 1 
t Te POLES Pern wee ee i, 
esr oS F, es Do = d_, ly 
t+20| FF, re b, o do ( 
PoP XO fe 2 b, 1 d, eee l; 


We might substitute —n for n in (73), and find directly, 


| apd Ce ee (—n)a,+ it OCS ea ene G+: 


But this formula, while true, is inconvenient from the fact that its 
coefficients neither converge as rapidly as the binomial coefficients for 
+n, nor can their numerical values be taken from Table I. To avoid 
the negative interval, we have only to suppose the series inverted, 
thus making /’, the first, and #_, the last of the tabular functions. 
hen, by: Lheorem Ul, the signs of 4’, 4 a",. .-. . are changed, 
while the signs of 4”, 4%,.... are unaltered. Now the value of 
F_,, is obtained by interpolating forward with the interval -+--n in the 
inverted series; hence the differences to be used in Newron’s Formula 


ale —— 
—a_,; TO gs Coa 1 Og, 


We therefore have, by (73), 
(75) 


n(n—1) h n(n —1)(n—2) Bs n(n—1)(n—2)(m—8) 5 = 
wie ee ie ae " —4——*+ 


Lo = Ft == nw) = Lo Na_ + 


the differences being taken as in the above schedule. The coefficients, 
as before, are taken from Table I with the argument n. 

An immediate and important application of (75) is in finding the 
value of a function near the end of a given series. Thus, in the pre- 
ceding schedule, suppose the series ended with /, and it were required 
to interpolate a value of # between F_,and F: since the differences 
ba, d2j,4...~ (required in interpolating forward from /_,) are not 
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given in this case, the formula (75) must be used; » being the inter- 
val of the required function from / toward /_,. 
Exampie.— From the table of 7’* given on page 44, find the value 
of (13.26)*. 
Taking ¢= 14, we find 
Pig 10.26 


n = — — = 0.37 


2 
which is the interval counted backwards from #' = 38416, Hence, 


from Table I, we obtain 


A= +0.37 C = +0.06333 
B = —0.11655 D = —0.04164 


And for the differences required by (75), we have 


to, = +17680 4 7 = Pett? 
b, = + 6044 Gan ete eA 


9 


Therefore, by (75), we derive 


FL = +38416.00 
Aa = 6641 66 
+ Bb, = — 809.32 
Vel, vac te Se 
Dd lO 


(. B= (le.260)* = stoU9L0.ost 
By direct calculation, we find 
(13.26)* = 30915.34492 + 


30. Application of Newron’s Formula, when the Differences Be- 
come only Approximately Constant.— We have proved (§§25 and 26) 
that (73) is true for all values of n, provided the differences of some 
particular order are rigorously constant. We now propose to show 
that, if the value of » lies between 0 and +1, the formula is very 
approximately true for the more frequent case in which the differences 
of some order become approximately, but not absolutely constant. The 
example given on page 8 is typical of this case; the numbers involved 
are not the true mathematical values of the quantities represented, and 
hence the irregularities, as already explained. 

Let .f;, Fy, By, By ale eee ee enotecais cries approxi- 
mate tabular values of any function #’(7’), given for equidistant 
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values of 7, and true to the nearest unit of their last figure; let 
PF, F,, F,, Fy, .... F.,.... denote the corresponding true mathe- 
matical values of the series, which we shall designate generally as JHE 
also, let F,—= F.+f,; jf, being the difference between the true and 


approximate values, due to the omission of decimals in. the tabular 


quantities. 
The differences of /’, and those of the series fy, fis fo» fay +++ > 
are now defined by the two schedules below: 
T | F(T) A! A! am ese AO) JH) 
2. | : Saleh 
oan 9 P, a b, “ 
2 a Qy : Cc 1 (A 
t+ 30 Te e b, 0 mM, ) 
t + 4w F, ~ (ies 2 a My, 
t + do F, z b, “s 1, Mg 
T i A! Al All| | AD CAGED 
aoe A % | 
Bere Bere eee ee cet ty (B) 
t+ 30 Ss ee Bo : smn x Mo 
t + 4 Js i Bs Ys po i Mh 
y 5 Dw ts . . By . . s . . * Me 


Then, since P= F+f, it follows from Theorem TV that the 
differences of / are as given in the appended table : 


a | F(T) vale ae yal Brae A) A(i+)) 
t B= Ft fo a. -F Wo 
0 
EWE F=KTS, a, + o% un nae 
Pee Ge eel a | | ts (C) 
Poo | Fass Lect fs aie UP cong oP : sae apie Lokeawed! | 
= 3 3 ‘2 2 i 
ptde | p= f+ fe ate Ore de. cle ee L a a M, + py 
bbe th =, + fi Ppt aed iit ce eal Fe teerleonictaps 


Let us now suppose that the differences s* in Table (C) are 
either alternately + and —, or that + and — signs follow each other 
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irregularly. Moreover, the foregoing definition of # requires that the 
terms in 4+» are sufficiently small to indicate that no errors exceed- 
ing half a unit in the last place exist in the functions #(7’). The 
values of 4 are then approximately constant, and therefore Table (C) 
represents the typical case in practice. We proceed to investigate the 
accuracy of Newron’s Formula as applied in this case; assuming that 
n is always taken within the limits 0 and +1, and that terms beyond 
4® are neglected. 

Applying (73) to find #, from Table (C), and omitting the terms 
beyond 4@, we have 


Bios (Bf) + A (ag ey BG, FB eC ty te ee (76) 


in which A, B, C,.... L denote the binomial coefficients of the 

nth order. Let us now examine the approximate formula (76), to dis- 

cover its maximum error when all conditions conspire to that end. 
The formula (76) may be written 


B= Uh Ane Boe 2... ED) Eek Boke BG, ee 


For brevity, let us put 


a We da, Bhs 3 bs oe 
DLS get AG ADD, eo) ae ee (77a) 
Fi =QtR 


It will be observed that Q is the value obtained for F', when 
(73) is applied to Table (A), terms beyond 4 being neglected. We 
leave the discussion of @ for the present, to consider the quantity R, 
which evidently expresses the error of interpolation due to the un- 
avoidable errors, f, contained in the tabular functions F’. 

Applying the formulae of §22 to the differences of Table (B), 


we have 


ih — Si — fi 
Bo — So = 2f; the 
Vio ae Js — 3fp + of, — fo 


8 Lh Ale re ag | (78) 
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Hence, from (77a), we obtain 


R = f,+ Au + BB+ Cy + D+ Byt.... tLry 
=ftA( fh) + BA-2AtHh) + CAST 38A—h) 
+ D( f,-4f,+6f,—4f tft... - 


Rk = f\d—-AtB—C+D—E+ . . tL1)+f,(A-—2B+3C0—4Dt+5E-_ . =) 
+f,(B—3C+6D—-10E+....)+f,(C-4D+10B—....) (79) 
DOH ton RR (B . yt. Sa 

Now the binomial coefficients A, B, C,.... are connected by 


the following relations: 


=k =e 
yy anes p=(*F)4 c= (*")z Si seh Oh) ee) 


Hence, since we have assumed that » lies between 0 and +1, it 
follows that A,B, C,.... are alternately positive and negative, 


thus: 
A B 6 D EH 
ie ee ee 


We therefore draw the following conclusions respecting (79): 


The coefficient of f, is 1; 


a) ee oe Pala © oe (eam (810 G 8LSe > 10 ee ere “6, 


Now, since the values of # are supposed true to the nearest unit 
of the last decimal figure, the quantities / may have any value between 
—0.5 and +0.5, in terms of the same unit; hence, it follows from the 
foregoing conclusions that if we take 

ee ee = 0 ee 0 (80) 
the sum of all the terms after the first in the right-hand member of 
(79) will be numerically a maximum, with the +- sion. 

We shall now show that the coefficient of f, in (79) is a positive 
number. For this pupose, let us consider the identity 

G=ael—at = baa) 


which, for all values of x numerically less than unity, may be expanded 
into the form 
Ate ebe tr .<. Tae . a Ape be On tg, Lae. . am) 
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Upon equating the coefficients of « in the two members of this 
identity, we find 


1-A+B—O+...4L=(-1). BDO ee ee 


= (0 GH9)-- 6-9 


Now, the first member of this equation is the coefficient of f, in 
(79); and since the final member contains only positive factors, it 
follows that the coefficient of fj in (79) is a positive quantity. Ac- 
cordingly, if we take f,—=-+0.5, in conjunction with the values of 


Sif eee designated in (80), the value of & given by (79) 
will then be the greatest possible under the assigned conditions. 
‘We now append a table of the quantities ff, 41; fi. fos >= o> 


as above determined, with their differences : 


T fe A! A au div dav dvi Avii 
+ 
0.5 0.0 
w +0.5 —]1 
Og 05 eo Be CO 7 
aslo) a We te Se +15 (B’) 
30 | +0.5 — +8 —3l 
S10 +4 16 +63 
du | —0.5 | 44 +2 4 | —8 | 4i¢ | +82 a 
Bw | +0.5 BE es coat +8 ee Oe 


The special values which must be assigned to the quantities 


Jo, %, Bor Yo» + +++ Of Table (B) are, therefore, 
Jo ah Bo Yo 8) 1) 
+0.5 0.0 —1 +3 —T7 15 


in units of the last place of the tabular quantities 7. Substituting 
these values in the original expression for R given in (77a), namely, 


Tie fot Ad BB Oyet eae 
we obtain 


i = +0.5—B+3C—TD+15E—31F+638G—.... (81) 


which gives the maximum value possible to R for net. 


THE THEORY AND PRACTICE OF INTERPOLATION. 51 


To evaluate (81) for different values of » between 0 and +1, 
we make use of the following abridged table: 


n=A B C D E F CG 
es rs ee ee — | + 


0.00 | .0000 | .0000 | .0000 | .0000 | .0000 | .0000 
0.10 | .0450 | .0285 | .0207 | .0161 | .0132 | .0O111 
0.20 | .0800 | .0480 | .0336 | .0255-| .0204 | .0169 
0.30 | 1050 | .0595 | .0402 | .0297 | .0233 | .0190 
0.40 | .1200 | .0640 | .0416 | .0300 | .0230 | .0184 | (D) 
0.50 | .1250 | .0625 | .0391 | .0273 | .0205 | .0161 
0.60 | .1200 | .0560 | .0836 | .0228 | .0168 | .0129 
0.70 | .1050 | .0455 | .0262 | .0173 | .0124 | .0094 
0.80 | .0800 | .0320 | .0176 | .0113 | .0079 | .0059 
0.90 | .0450 | .0165 | .0087 | .0054 | .0037 | .0027 
1.00 | .0000 | .0000 | .0000 | .0000 | .0000 | .0000 


Se pale = + Ss | 4- 


From these values we tabulate as follows: 


n 0.00 | 0.10 | 0.20 0.30 0.40 0.50 | 0.60 | 0.70 | 0.80 | 0.90 | 1.00 
+ | + + | + seg eae cues oe ala 


— By .000 | .045 .080 105 120 125) 120") 1051-2080 -| 045: | 000 
+ 3C/| .000 | .085 144 178 192 187 | 168 | 136 | .096 | .049 | .000 
= SD) .000 | 145 235 281 291 74-12. 235 4-183) 123 | 061.000 
+15H| .000 | .241 O82 A45 450 AQ9 | .842 | .259 | 169 | .081 | .000 
—31F| .000 | .409 632 722 Set: .635 | .521 | .884 | .245 | .115 | .000 
+63G| .000 | .699 | 1.065 | 1.197 | 1.159 | 1.014 | 813 | .592 | 3872 | .170 | .000 


Ie now.we lect. Jyh; -li.,., 0. = denote the values of # when 
differences beyond the 2d, 3d, 4th, .... order respectively are neg- 
lected, then, from (81), we find 

ie 0 58 
Rh. = 05 — 8 + 3C (82) 


t= (5-8 + 3C 1D 


From the last table we obtain, by successive additions, the values 
Olen Ite, leis 2 pe 2 a8 defined by (82); these values are tabulated 


below : 


0.20 | 0.30 | 0.40 | 0.50 | 0.60 | 0.70 | 0.80 | 0.90 | 1.00 


0.58 | 0.60 | 0.62 | 0.63 | 0.62 | 0.60 | 0.58 | 0.55 | 0.50 
0.72 | 0.78 | 0.81 | 0.81 | 0.79 | 0.74 | 0.68 | 0.59 | 0.50 
0.96 | 1.06 | 1.10 | 1.09 | 1.02 | 0.92 | 0.80 | 0.66 | 0.50 
134 14651 14.55 | 1.50) 1.87) 1.18.) 0.97 (20:74 | 0:00 
Ope ooo | B27) 215) 1.891 dbf) 1:21.) 0.85-)" 0.50 
2 (da O As e848 (Bld |e2,700) 246401.59" | 1.02" 0.00 
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Whence it is seen that the greatest possible values of A, under 
the assumed conditions, are — 


Ry Wha 2h RR es eee eee eer (83) 


0.6 0.8 a Ba 1.6 2.3 3.4 

While it is obvious that the combination of accidental errors jf, 
shown in Table (B’), is very improbable, yet approximations to such 
combination will occur occasionally in practice. In such cases the 
errors (/?) in functions interpolated by Newton’s Formula may be a 
considerable part of the values given by (83). These values show 
that when the differences beyond # are neglected, the error # cannot 
be greater than 1.6, in units of the last place in /. In all probability 
this error will not exceed one unit; and when it is considered that 
the results of an average logarithmic computation are uncertain with- 
in this amount, we are justified in neglecting the error R, provided 
that fifth differences are practically constant. 

Beyond #;, the limiting values of increase rapidly. We there- 
fore conclude that, aside from the inconvenience involved, it is im- 
practicable to interpolate by Newron’s Formula when the differences 
beyond «4 are too large to be neglected.* 

We now consider the expression Q of (77a), that is— 


Q= F+Aaqt+Bi+....+Ll (84) 


0 


Now, because the differences of #/ in Table (C) become approxi- 
mately constant at 4°, notwithstanding the irregularities they contain; 
so, a fortiori, must the differences of / in Table (A) become sensibly 
constant at 4°, the quantities of this table being mathematically ewact. 
Hence the differences 4+» in Table (A), namely, 


My, My, Me, Ms, 


will form a series of continuous, but very small terms, whose values 
are nearly equal to each other. Per contra, we have assumed that the 


differences 
MT po, M+ py, Me + py, 


* Excepting the case where F(T) is a rational integral function of 7, whose tabular values are 
mathematically exact. 
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of Table (C) either are alternately + and —, or that ++ and — terms 
succeed each other irregularly. It follows that the quantities m must 
be numerically less than the maximum value of yw in the series 


Mor Pir Per Beso 


For, otherwise, if the quantities m exceeded the greatest of the 
quantities », the former would mask the effect of the latter in the com- 
bined series m+; hence there would be no general alternation of 
signs in the series 


Mina ppm Wty atlas ee ilaal po 


But this is contrary to our assumption that the differencing in 
Table (C) has been carried to an order 4° which does exhibit a 
general alternation of signs. We therefore conclude that m) is numeri- 
cally less than the maximum value of up. 

Now, from Table (B’), we observe that under the conditions 
assumed, 


The maximum value of «(=4') is 1 = (2); 
6“ 6c 6c 66 cS Al) a 2 = (2)'; 


6“ 6 “c 6 ¥(= hes) coc 4A — (2); 
6 6c 6c 6c eS ACey) gees (2)'. 
Hence, ™ is numerically less than 2’. 

We have observed above that, as a consequence of the conditions 
herein assumed, the differences of # in Table (A) are converging, being 
practically insensible beyond 4; hence the fundamental expansions (0), 
and all relations deduced from these, are valid in this case. The formula 
(59) is therefore applicable to the series F(T); hence, writing n for m 
in (59), we have 

Se= Ad, Biot Cat... tL Mn, Nant. 


in which as many terms should be retained as accuracy requires. 
But we also have* 


if = F(ttno) —F®) = F,-F 
and therefore 


Beet & Ao, Boyt Cop Tiare}. 1: ASD er Mies 


* See §26, where the same relations were similarly employed. 
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Now, by (84), this equation may be written 


Pos O-- Din, Nn, a8 = 
or 
FO = Many Nace Ve. (85) 


The series Mm+ Nn,+ .... therefore expresses the differ- 
ence between the true mathematical value of the interpolated function 
and its approximate value @. But since, as above observed, the differ- 
ences m are nearly constant, it follows that the differences 2 are small 
in comparison. Hence, Wn is small as compared with Mm; in 
brief, Mdm, represents, very nearly, the value of the rapidly converging 
series Mm,+ Na+... . in the right-hand member of (85). The 
latter equation may therefore be written, without sensible error, 


F,—Q = Mn, (86) 
From (82) we derive 


f,—B, = + 380 = 2°—1) (+0) 
hh, = = TD i= C81) (—D) 
R,—B, = +13£ = (2-1) (+2) (87) 


So COS OT Oe ee. er ae. >is, Me” sie aed ale nike 


From the last of these, we obtain 
+2M = R,,—R,+M (88) 


We have shown above that m is numerically less than 2'; this 
condition may be expressed in the form 


m, = 2‘ sin 6 


where @ may have any value between 0 and 27. From this relation 


we obtain 
Mm, = 2'M sin 6 
or, by (88), 
Mm, = (&,,, — R,+M) sind (89) 


Substituting this value of Mm, in (86), we get 


F, oe Q a (R,—-Rh,+ M) sin 0 (90) 
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From (77a), we have* 
which, subtracted from (90), gives 
TSF = Rosin — Gtasin 0), eM sind 


From Table (D) above we see that beyond 4” the coefficient M 
cannot exceed 0.04, which is an inappreciable quantity in the present 
discussion; we therefore write the last equation : 


F— F, =-R,,, sind — A tsin6) B, (92) 


The quantity R,,, is numerically greater than F;, and both are 
alike in sign; this condition may be expressed by the relation 


hy, = hy, sinty 


in which # has a definite value depending upon the value of 2. Sub- 
stituting this expression for #; in (92), the latter becomes 


FF, = &,,,[sind — sin’y 1 +sin 6)] 
or 


oa 


—F, = R,,,(sin@ cos?y—sin*p) (93) 


Since cos’ Is necessarily positive, and —sin’ negative, it fol- 
lows that the coefficient of R,,, in (93) will be numerically a maximum 
when sin@ attains its greatest negative value; that is, when @ = 47. 
hakings@ — 47 .in/(93),-we haye 


F,— PF, = Byy(—costy—sin'y) = —Bin (94) 


which is the maximum numerical value possible to He alleeons 
ditions favoring. 

F., is the true mathematical value of the required function. /, 1s 
the approximate value of this quantity which is obtained by applying 
Newron’s Formula to Table (C), neglecting differences beyond 4°: 
it being assumed, (1) that the given FUNC MONSa el hye let oy hao eae 
are true to the nearest unit of their last digit; (2) that m is positive 


* The quantity R defined in (77a) is not distinguished by a subscript in the earlier part of this 
discussion. Considered as a particular term of the series R,, Rs, Ri, . - + -, however, it is evi- 
dent that R should be designated as fi; . 
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and less than unity; (3) that the differences 4® are approximately 
constant; and (4) that the differences s** are quite small, with + 
and — signs following irregularly. Under these conditions, it follows 
from (94) that the computed value #, can never differ from the true 
value /, by more than the quantity Rj... 

One point further, however, must be considered. In computing 
F, by (76), we should, in practice, obtain the values of the several 
terms to one or two decimals further than are given in F, to avoid 
accumulation of errors in the final addition. But in writing the sum, 
F,, the extra decimals are dropped, the result being taken to the 
nearest unit, as in F. Thus we actually use, not the quantity /, ob- 
tained rigorously by (76), but a close approximation to that value, 
which we may denote by (/,,). Accordingly, the relation 


bo es (F,.) = +0.5 


expresses the maximum discrepancy between /, and (/,,). Combining 
this expression with (94), we finally obtain 


Fo —(F) = —Ryy +05 (95) 


The quantity #,,,+0.5 therefore represents the final limit of error 
in the value of an interpolated function, in units of the last decimal 
of F. From the value of #&, given in (83), we find that when 
AY is nearly constant, the limiting error is +2.8 units. Since it is 
highly improbable that all the necessary conditions will conspire to 
produce this maximum error, we may add that when the differences 
practically terminate at the fifth order, interpolated functions will 
occasionally be in error by one unit, only rarely in error by two units, 
and never by three. 

With sixth, seventh, or higher differences employed, the results 
become subject to errors which in most cases would be intolerable, 
and which would probably be obviated by a direct calculation of the 
function. 

From the foregoing investigation it therefore appears that, for 
purposes of interpolation, tabular functions should always be given 
with an interval sufficiently small that differences beyond sv may be 
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neglected. This condition is generally fulfilled in practice. As already 
stated in $24, the longitude and latitude of the moon are given in the 
Nautical Almanac for every twelve hours; from the values thus given, 
intermediate positions can always be safely interpolated by using differ- 
On the other hand, a 
table of the moon’s longitude for every 24 hours would yield differ- 


ences no higher than the fourth or fifth order. 


ences of the eighth or even ninth order; the use of which in Newron’s 
Formula might produce an error of several units in an interpolated 
position. 

In all that follows, we shall assume that differences beyond the 
fifth order may be neglected. This assumption made, it follows from 
the preceding investigation that the fundamental formulae, (73) and 
(75), may be applied in all cases without sensible error, provided that 
nm is taken less than unity. 


31. We shall now solve an example which illustrates the main 


points of the foregoing discussion. If we tabulate the function 


— 199841.772 T + 50804.968 7? 


= 606607.920 
BP) = rx000 ; Tt oG4d.ilo l® == .2169:395 74 116-817 Le 1.507 fon 6) 
forge? — 1. 2.3, . 9, «we find that. the trué mathematical 


values terminate in the fifth decimal. These values of (7) 


are 
given in the table below, with their differences: 


T F(T) 4! An aM div av Avi 
Gee ont 
1 | 6.40508 | — 722009 | +1 50987 a 
—0.51016 —0.35955 
2 5.89492 +0.64016 1.15032 0.66064 — 0.30109 + 93937 
3 6.53508 : +0.48968 : —0.06872 A a OL OUe (A! 
1.12984 s 0.72936 24744 ee Cow) 
4. 7.66492 — 0.23968 & paltesta eden 2f9Ox 01507 
0.89016 = 0.55064 ee 26251 : 
5 8.55508 0.79032 0.44123 pe .01507 
+0.09984 —0.10941 ; 27758 oe 
6 8.65492 0.89973 0.71881 ea LOOd 
—0.79989 5a 060940 + .29265 
ff 7.85503 — 0.29033 +1.01146 
— 1.09022 “| +.14.62086 
8 6.76481 +0.94031 + 1.33053 
9 7.00512 : 
This table corresponds to Table (A) of the last section. It will 


be observed that the values of # are peculiar from the fact that the 
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last three decimals of each differ only slightly from the quantity 
0.00500, or half a unit in the second decimal place; and, moreover, 
that the actual difference is, excepting the first function, alternately i 
excess and defect. This condition will rarely obtain, and is here selected 
only to illustrate the limiting case. 

If now we drop the last three decimals of /, we obtain a series 
of approximate values, denoted by #. The following table gives /’, 
true to the nearest unit of the second decimal, together with its 


differences: 
T | F(T) A! Au An Aiv Av Avi 
1 feat | 292 | +4.50 
Mac rere Merle peg a eae 
e ital ee tN 2 0.70 = +0.38 
55654 +0.47 +0.01 —0.29 
e 1.12 ? 0.69 0.09 (C’) 
4 | 7.66 — 0.22 0.10 +0.33 
: 0.90 0.59 0.42 
5 | 8.56 0.81 0.52 —0.30 
+0.09 — 0.07 0.12 
6 | 8.65 0.88 0.64 +0.33 
2 —0.79 +0.57 +0.45 
7 AT 8G Ley) +1.09 
al Pata sit) +1.66 
0 om carrera in bs 
9 | 7.01 


Table (C’) corresponds to Table (C) of §30. It will be observed 
that 4vy and 4, in (C’), represent 4 and 4“, of Table (C). The 
differencing in (C’) is not carried beyond 4, because of the alterna- 
tion of + and — terms. 

The above values of #’ may be written as follows: 


8.43 = 8.42511 + 0.00489 
6.41 = 6.40508 + 0.00492 
5.89 = 5.89492 — 0.00492 


O 6 cine te A ie'e “(en .*0) SO, 88 wane 


The quantities in the last column therefore represent the residual 
terms denoted by f in the preceding section. Expressing these values 
in units of the second decimal, we have the followmg table of f and 
its differences: 


THE THEORY 


T F Al 4" All div Av 
0 | +0.489 
i) } eordone|) 7 900%) 6 987 
— 0.984 + 2.955 
2 | —0.492 +1963 —6.891 
+ 0.984 — 3.936 7 +14.763 
3 +0.492 —1.968 ‘ +7.872 ~ 
— 0.984 + 3.936 —15.744 
4 | —0.492 “F1 968 =7.872 7 
9 | +0.984 —3.936 7 +15.749 
5 | +0.492 —1.968 + 7.877 
» | —0.984 + 3.941 —15.758 
6 | —0.492 | 1 9 9g9 | T1973 3.949 | ~ 2881 | 4.45 795 
7 + 0.497 on —1.967 > +7.854 ; 
— 0.978 +3.914 
8 —0.481 | 4 9 969 +1.947 
9 | +0.488 ; 
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— 30.507 
+31.4938 
— 931.507 
+31.493 
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(B") 


It will be observed that the quantities of Table (B”) are close 
approximations to the (limiting) values given in Table (B’), of §30. 


Let us now apply Newron’s Formula to interpolate the value of 


f' which corresponds to 7'’= 0.40, in Table (C’). 


Neglecting differ- 


ences beyond 4, we take from Table I (for n = 0.40), and from 


Table (C’), the quantities to be 


A = +0.40 a= —2.02 
B= —012 6.= 711.50 
C = +0.064 ¢ = —0.33 
D = —0.0416 d = —0.37 
H = +0:02995 64 ==> 47 058 


Whence, we write for 


FL = +843 
Aa = —0.8080 
Bb = —0.1800 
Co = —0,0211 
Dd = +0.0154 
Ee = +0.0114 
Fo = +74477 


the value of the interpolated function, 


7.45 


744,77 + 0.00,23 = F,+0.00,23 , 


Computing the true value #, from (96), we obtain 


F, = 7.4320416 + 


employed. The result is as follows: 


(97) 


(98) 


Hence the value (F,) =7.45, interpolated from Table (C’), is in error 


by 1.8 units of its last 


place. 


The value of @ is the result obtained by interpolating F’, from 
Table (A’), neglecting differences after 4. Thus we determine @ as 


follows: 
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Fo = +8.425110 


A = +0.40 a = —2.02003 Aa, = —0.808012 
Bee Ote b, = +1.50987 Bb, = —0.181184+ 
C = +0.064 @ = —0,85955 Co, = —0.023011+ 
D = 200416 d, = —0.30109 Dd, = +0.012525+ 
E = +0.02995 e, = +0.23237 Le, = +0.006959+ 


. QO -= F745 2087 


The value of &; is computed from Table (B”) in the same man- 
ner that @ has just been obtained from (A’). Thus we find 


fy = +0.489 
A = +0.40 & = + 0.008 Ao, = 90.001 
B= —0.12 By = — 0.987 BB, = +0.118 
C = +0.064 Yo = +2966 Cy = +0:189 
D = —0.0416 5 = — 6.891 D8, = EO.287 
E = +0.02995 « = +14.763 He = +0442 

-, (In units of the second decimal) hi, = 1.520 (CL. 3)] 
Now, from (91) we have 
Fi QF (99) 


Substituting the above values of Q and &;, we find 


F, = 7.4324 + 0.01,53 = 7.4477 


which agrees with the result obtained directly from Table (C’). 

Since the sixth differences in Table (A’) are constant, it follows 
that the true value /, differs from the above value of @Q only by the 
term in 4 of Newron’s Formula. Now, the coefficient of s is found 
from Table (D) of the last section to be approximately —0.0230. Hence, 
with sai = -+0.01507, we derive 


F, = Q— (0.0230 x 0.01507) 
= Q— 0.000346 
— 7.432387 — 0.000346 


= 74382041 


(nearly) 


which agrees with (98). The second of these equations gives 
Q = F,+0.000346+ 
Substituting this value of Q in (99), we have 


F, = F,+ R,+ 0.0346 


n 
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where the numerical term is now expressed in the same unit as R,. 
With the above determined value of R;(=-+1.526), the last equation 
becomes 

F. = F +156 


nr 


Finally, since we were obliged to write (/,) greater than 7, by 
0.23 units, it follows that the actual error of interpolation in this 
instance is 1.56 -+ 0.23, or approximately 1.8 units in the second deci- 
mal place; which agrees with the result previously obtained. 

32. As a more practical application of Newron’s Formula, we 
take the following 


EXAMPLE. — From the appended table, find the sun’s right-ascension 
for April’ 207.0% 


ee Sun’s R.A, 4! 
Hees m 8 
April 1 | 0 48 20.30 
eta leer te 
it) | 1955209 18 26 60 
16. °1::88:.19,59 18 36.25 
Ta een a eae 
26 | 2 15 43.08 18 59.28 
Mayer Wie? 2442.86.) 40 ethas 
2 53 54.74 : ; 


Letting ¢— April 16, we have 


n= 2S = 0.80 


Then, from Table I, and the above differences, we find 


ce Hea 13819. 55 

A = +0.80 @ = +18 36.25 Aa = +0 14 -53,000 
B= —0.08 Gest = 10:99 Bb, = — 0.879 
C = +0.032 Com 1.05 Cia 0.034 
e200 176 ioe 0.01 ji 0.000 
. sun's R.A., April 20¢ 0° = tebs 1175 


which is the value given in the American Hphemeris for 1898. 


33. Since the value of » in the preceding example is only 0.2 
less than unity, it is more convenient to interpolate backwards from 
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April 21, by means of (75). Thus, from Table I (for n= 0.20), and 
the tabular differences, we find 


ae Fo = 156 58.84 

A = +0.20 a, = "18 36.25 —Aa_, = —0 3 43.250 
Eo 06 bd, = + 9.65 a 0.772 
C = +0.048 ts, sence gab lon iO, eet 0.095 
D = —0.0336 dj. = — 0.56 Dd a 0.019 
.. Sun’s R.A., April 207 0 = 1 53 11.74 


which agrees within 0°.01 of the first result. Whenever a check is 
considered necessary, the interpolation may be performed by both 
methods. 


TRANSFORMATIONS OF NEwTON’S FORMULA. 


34. Modification of the Foregoing Notation of Differences: St1m- 
tine’s Formula.—In Newton’s Formula of interpolation we use 
differences which depend only upon the functions , /,, #2, ... «5 
the functions preceding /,, whether given or not, are in no way in- 
volved. We shall now transform NewrTon’s Formula in such a man- 
ner as to involve differences both preceding and following the function 
from which we set out. The resulting formulae will in general be 
more conyenient, rapidly convergent, and accurate than NrwTon’s 
Formula. 

In the schedule below, the preceding notation of differences is 
modified: the even differences which fall on the horizontal line through 
Ff, are now denoted by the subscript zero, as 6) and d,; all differences 
above this line are indicated by accents, as a’, 0’, c,” etc.; while all 
differences below the horizontal line through /, are indicated by sub- 
scripts, as d,,6,,¢,, etc. The new schedule of differences will then 
be as follows: 


T F(T) Al Au am div Av 
tea Is) 1 b 

Fe a cl! ell 
t F, - by ; d, , 
ite | F, ye ia Fae AL 
t + 2w Et, : b, a Gh 2 
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To deriwe Srrevine’s Formula: Applying Newrton’s Formula to 

the above schedule, we find for the value of F,, 
F, = F,+na, + Bb,+ Co,+ Dd,+ H+... . (100) 


where, as before, B, C, D, H,.... represent the binomial coefficients 
of 4", A", 4°, a,...., Yrespectively. Let us now put 


Gs. (0104) 4 $@+e¢) , ¢ = x (e+ e,) (101) 
from which, with the relations 
GO) = 0 6 — et = dy Oe = RY 
we obtain 
CG ede eC aa Oty o, Cp Oe 0 ae Ot (102) 


Using the equations (102), together with the relations given in §23, 
we find 


a, =a tho, 
1 = Oey = Dor 6 ine 
C=C 2d eae ON er es (103) 
CG. == ee, 20a ene Oe eae A, 
Coo ep ee, OOS OT 

Upon substituting these values of a,, 0, @, .... im (100), the 


latter becomes 


a= Friar 5h) Bb, +eryd) + Cetzd, tet. .)+Did,taer . .)+het. 
= Bytnat (Bt s)b,+(C+B)ct+(Dt3 C+4 B)dt+(Ht+2D+C)et+.. 


Substituting in the last equation the values of B, C, D, H, namely, 


eee n (n—1) , ae n(n—1).. (n—8) 


ie es 
(ae n (n—1)(n—2) ate m(n—1).. (n—4) 
eres os” z é 


we finally obtain 


n (n?—1) ee n? (n?—1) 


n (n?—1)(n?—4) 
5 om dy + Crs (104) 


120 


n? 
at = By + na + > Oot 


which is known as Srrruine’s Formula. The even differences em- 
ployed in this formula are those falling on the horizontal line through 
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F,; the odd differences are the means of those which fall immediately 
above and below this line, as defined by (101). 

Table II gives the values of Srrrure’s coefficients for the argu- 
ment ». A glance at this table shows how much more rapidly these 


coefficients converge than those of Newron’s Formula. 


EXxAMPLE.— From the table below, find the R.A. of the sun for 
April 20% 0°. 


Date ; 
1898 Sun’s R.A A! 
April 1 | 0 43" 20.30 a 
pri ; 7 
Beta OTE care as 
11 | 1 19 52.99 ens 
16 | 1 38 19.59 pore 
TS AG os Ee eerie et 
26 | 2 15 43.08 ae. 
May 1 | 2 34 42.36 | 446 19.38 
6 | 2 53 54.74 


9.65 
16.99 


+ 515 
7.68 


12.04 
+13.10 


Taking ¢= April 16 (as in §32), we have 


n 


Se = 0.80 
5 


qu div 
+2.53 
1.97 ae 
mg or a an 
1.05 | —9.29 
+1.06 | 19.01 


The horizontal lines drawn in the body of the table indicate the 


differences to be employed in (104), as follows: 


(1) The required values of #,, 4”, and 4” 
between two lines; 
(2) The required values of 4 and 4” are 
quantities separated by a single line. 


A, B, CG, 


are those included 


the means of the 


As before, we shall denote the coefficients of 4, 4", 4,. .. . by 
.... Taking their values from Table I, with n= 0.80, 
and forming the required differences as indicated, we obtain 
h = 8 
ae Fo = 1-38 19.59 
Ae 70.80 a = +18 31425 Aa = + 14 49.140 
B = +0.32 ee ee Bh, ee 3.088 
C = —0.048 CP eanit 1.66 Co = — 0.080 
D = —0.0096 d, = — 0.63 Dh, =F 0.006 
Sun's R.A; April 20% 05 =. 1.53 11.74 


which agrees exactly with the result found in §33. 
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39. Backward Interpolation by Srrruine’s Formula. — When the 
forward interval approaches unity, it will be more convenient to pro- 
ceed backwards from the following function by the formula 


n(n? —1) (n?—4) ‘ 
120 


el 2 (10D) 


n? n(n?—1 jor (Girl 
a ee (es us de 


the coefficients of which are taken from Table II with the argument 
n, as before. It will be observed that (105) is derived from (104) by 
merely writing —n for » in the latter; or, by supposing the given 
series to be inverted, and hence (Theorem III) changing the signs of 
a5 C,-and’ ¢, 

EXAMPLE. —Solve the preceding example by (105); that is, find 
the sun’s R.A. for April 20° 0" by backward interpolation. 

Taking ¢= April 21, we have 


fp aa Oa) \) 
The differences are formed for the date April 21 in the same manner 


as found above for April 20; thence, taking the coefficients from 
Table II, with n= 0.20, we find 


- Tee Gee OL 

A = +620 a = +18 41.745 Age Odd dO 
B= +0.02 i 4 10.99 eee 0.220 
C = —0.032 2 es ae Si 0.038 
D = 00016 eee C025 Dd, = 0.000 
~. Sun’s R.A, April 20% 0" =e 1g5S 178 


36. Exampuie.— Use Strreurna’s Formula to compute log sin 9° 22’ 
from the following table: 


1h Log sin T A! alte AD div dv 

GC 01088 Fe an 

7 | 9.08589 666 | _ 399 

8 | 914356 | 787 |  goq | +209 | _ go 

ei a 
F; SS o4 (ee e 

pS ee eee z oe ace ee een 9 

To |-9.23067 ee qi teen =O Gree 

11 | 9.28060 +3798 — 365 

12 | 9.31788 


Here we have 
t= 9° n = 2 = ().386667 
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and we therefore obtain 


F = 9.19433 
A = +0.36667 a = +4805.5 Aq = + 1762.0 
B == + O0.06T22 b, = — 543 Bb, = — 36.5 
C = —0.05289 ¢ = + 124.5 Co = — 6.6 
D = —0,00485 d,= — 46 Dd, =F 0.2 
# = +0.01022 60S ris he. == 0.2 
. Log sin 9° 22! =  9.21162.3 


The true value to six decimals is 9.211526. 

37. The Algebraic Mean.—It may be well to observe that in 
taking the mean of two quantities having like signs, and of nearly 
the same magnitude, it is easier to add one-half their difference to the 
lesser number, than to take one-half the sum of the two quantities. 
That is, we proceed according to the identity 

$(@ty) = «+ 3(y—2) 
in which we suppose y numerically greater than # ‘Thus, in the last 
example, instead of taking 
a = $(a't+a,) = $(5077 +4534) = $ (9611) = +4805.5 
it is easier to follow the equivalent formula 
a = a,—$(a,—a’) = a,—4 = 4534 + $ (543) = 14805.5 

Similarly, we find 

e = 102-422.5 = +1245 


Per contra, to form the mean of two quantities having unlike 
signs, and differing but little in magnitude, it is easier to take their 
algebraic sum and then divide by two. For example, given the values 


F(T)| a! ai 
then, 
1 | 4996 
Hi | 45088 | oete 
uf 


we find 
a = $(5088—4226) = $(+862) = +431 


With these precepts, the required mean differences of interpolation are 
very readily taken. 
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38. Brssew’s Formula.— We now pass from Stieiine’s Formula 
to another, somewhat similar, wherein we employ the odd differences 
(1, , €;, Which fall on the horizontal line between F, and F,, and 
the means of the even differences falling immediately above and below 
this line. Using the schedule on page 62, let us put 


Bas de (05-0;) . d = 4(@,14,) (106) 
Then,since. b)-——6, = ca-eand d,— d, = é, these equations give 
b = b— Fe, ’ dj = ad— FQ (107) 


Let us write the formula (104), for brevity, 


Tees [nase beta Octe 0 ee de oe, (108) 
where 
n(n?—1) n? (n?—1) n (n?—1)(n?—4) 
Ce SSNS os 

6 : . 24 y ce 120 cc) 
Now, by means of (102) and (107), we derive 

a = 4 — Fb = 4% —$(—-Fq) = 4 — 70+ FG, 

b = b — ye, 

¢ = ¢ — fd, = ¢ —3(d—te,) = ¢ —4td tte, (110) 

d, = d —44G 

OQ =O =e 
Upon substituting these values of a, h, ¢,.... in (108), we have 


Ff, = Fyn (a,—4 b+4¢,) +2" (6-4 eq) C(—tdtte)+D(d—te)tH(e—..)+... 
Sami abt (C2 +H\e t(D-tC)dt+(H—sDtiCjet ... 
Finally, substituting in the last equation the values of C, D, Z, 
from (109), we obtain 


ne Tee. 
Sig ase Tl ala ee 


n+1)n(n—1)(n—2 ard VG —1)\((i = 
CAC DOD 4, OHO DOOD ay 


which is Busser’s Formula of interpolation, commonly regarded as 
the most convenient and accurate of the several forms in use. The 
odd differences here employed are those which fall on the horizontal 
line between /, and /,, as shown in the schedule on page 62; the 
even differences are the means of those falling immediately above and 
below this line, as defined by (106). 
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Table III gives Brssev’s coefficients for the argument 2. 
Examp_e. — Use Brssei’s Formula to compute log sin 9° 22’ from 
the table below: 


ih Log sin T A! faye al div dv 

: 9 

6 9.01923 | 1 geee 

7 | 9.08589 —899 

g 1914356 | 787 | go | 1209 | _¢o 

ee a SOU ae 147 rip (i 

9 | 9.19433 ae ee ee 
| eee | 4504 |—-————| 102 |_| +19 

11 | 9.28060 | 4 g756 — 365 

12 | 9.31788 


We have, as in $36, 
i = Oe n = 0.36667 


The horizontal lines drawn in the table indicate that the values 
of F,, 4’, 4” and ay, to be employed in (111), are those included 
between the parallel lines; while the required values of 4” and 4” are 
the means of the quantities separated by the single line. Forming the 
differences thus indicated and taking their coefficients from Table III, 
with n= 0.362, we obtain 


fy se OT943S 
A = +0.36667 a, = +4534 Aa, = + 1662.5 
B= —0.11611 b = — 492 Bo = oF 57.1 
C = +0.00516 Go tess et Oe CG. == 45 0.5 
D = +0.02160 d—= — 36 Dd = — 0.8 
EL = —0.00057 Cj sor 9 Ke, = 0.0 
.. Log sin 9° 22! == -9,21152.3 


which agrees exactly with the value found in §36. 


39. ExampiLe.— Find by Bessew’s Formula the value of 10* from 
the following table of 7”. 


T qe a! Al aM div dv 
= Shae A008 f 
og BI ee | regen, ae 
+2 16 rece as ae +15000 
— ae 2385 KOK +13500 0 
7 F401 EET: 15950 ae eT 15000 
12 20736 — 44450 |———"_| £15000 z 
17. | © -BBBRTH Uwe ee he S Co Op NRC 
+29 | 934036) 6 oe 
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Taking t—T7, we have 
n= = = 0.60 
Therefore we find 


Fo + 2401 
A = +0.60 a, = +18335 Aa, = +11001 
B= = 0120 b = +30200 Bo = — 3624 
C = —0.0040 c, = +28500 Cp = The 
D = +0.0224 d = +15000 Dd = + 336 


tel O* > ee FE 10000 

40. Backward Interpolation by Bessev’s Formula: — To find 
f_, by Bussuv’s Formula, we conceive the series given on page 
62 to be inverted; the required function is then found by interpo- 
lating foward from F, toward F_, with the interval n. Hence, the 
differences to be used in (111) are — 

~a', +46,6), —c', +4(@,t+d), —e/, 

We therefore have 


n(n—1) 6,16! n (n—1)(n— 
5} Pete anak Sa ee 


Ee 
fl, = F,— na! + 2) ot 4 eS ee (11a) 


a 5 . ‘ 
the coefficients, as in (111), being taken from Table III with the 
argument 7. 
EXAMPLE. — Find 10! from the table of §39, by means of (111a). 
Taking ¢{— 12, we find 
n = ——~ = 0.40 


5 


The differences are here the same as in the last example; thus we 
obtain 


B. = +20736 
A = +0.40 a! = +18335 — Aa a on 
ee 0100 iis = +30200 fee = 607 
Cc = +0.0040 ol = £28500 — Ce! =e 
D = +0.0224 ee +15000 ep ee = + 336 

104 = +10000 


41. Property of Brsse.’s Coefficients. —If we take from Table III 
the coefficients for 4”, 4, 4", 4°, with the argument n= 0.30, and 
also with n= 0.70 (= 1.00—0.30), we find the following values: 


n B C D E 
0330) ==10500 4.00700 -+-.019384 — 00077 
O70 105005 —=00700" =-.01984 = .00077 
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It will be observed that the coefficients are here numerically the same 
for the arguments 7 and 1—n; having like signs for the even orders, 
and opposite signs for the odd orders of differences. 

More generally, let us denote the values of BrsskL’s coefficients 


for 4", A", 4°, 4, .... taken with the argument n, by B, C, D, #,...., 
respectively; and the corresponding values taken with the argument 
1—n by By, GCG, DG5-#,.--.-4 Ancinspectionol Table tilethen 
shows that we have 

B,= +B 

Cee 

Doe ep (112) 

fe ns 


oe fou. ie, ce) 


To establish these relations generally, we write (111) in the form 


F, = F.+na,t+ Bo+ C+ Ddt Hy t.... (113) 


n 


Now, the value of #, may also be obtained by interpolating back- 
wards from F, with the interval 1—n; the differences thus involved 
will be exactly the same as in (113). Hence, after the manner of 
formula (11la), we have 


F = FF =O=n)6, Fh b= Cat Daa (114) 
But we have, also, 
F,—(1—n)a, = (F,-a,) + na, = F,+ na, 
Whence, (114) becomes 


F,.= Ff t+ Bb — Ce Dd Bey er ee (115) 


which, subtracted from (113), gives 
0 = (B—B)b+ (C+C)o+(D—D)dt+.... (116) 
The equation (116) is true in all cases to which the formulae of 
interpolation are applicable; it is therefore true when #'(7) is a 


rational integral function of the second degree. But, in the latter 
case, the second differences being constant, we have 


Gs ¢ = 6 ee Ss oer 0 
The equation (116) then becomes 
0 = (B—B)s 


THE THEORY AND PRACTICE OF INTERPOLATION. 71 


Hence, since 6 cannot vanish, we have 
1 5A we 
This result reduces (116) to the form 
0 = (C+C)e¢ +(D-—Djdt+(#+#)et.... (117) 
Again, we may suppose 4" constant; that is, we may put 
(SE 2 a 
The equation (117) then becomes 


0 = (C+G)¢ 
or 
(CS A6) 


By repeated application of this reasoning, we prove that the rela- 
tions (112) are true generally. 

It follows that the numerical process involved in finding /, by 
BessEu’s Formula is identical whether we interpolate forward from /% 
or backward from F,, except for the terms in #’ and 4’. Hence little 
or no check is afforded by performing the interpolation by both methods. 
When such a check is deemed necessary, BEssEL’s and STIRLING’s 
Formulae should both be used. 

42. Relative Advantages of NEWTON’s, STIRLING’S, and BESSEL’s 
Formulae. —In practice, the only important application of Nrwron’s 
Formula consists in interpolating functional values near the beginning 
or end of a given series. The selection of this formula is then a 
matter of necessity rather than of preference. 

In all other cases, either of the more rapidly converging formulae 
of Srrruine or BesseL should be employed. Regarding a choice 
between these two, when Tables II and III are available there would 
appear to be very little advantage one way or the other. The form 
given by BrssEL is more commonly used, and is perhaps a trifle more 
accurate in practice than Srrruine’s form, particularly for values. of 
n in the neighborhood of one-half. When n is quite small, however, 
Srrrtine’s Formula will probably be found more convenient. 
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Suppose we have given a limited table of functions, as follows : 


F(T) Al gu qui Aiv 

Ess " 
a 

FF, a! b! ce! 

ike b, d, 
a Y 

Tite u db, a d, 
Qs, a) 

ff, a ds 

Lip 2 


Assuming that fourth differences must be taken into account, and 
that fifth differences are to be neglected, the value of /, should in 
this case be computed by Brssew’s Formula, which employs the mean 
of the quantities d) and d,. If, however, the function /; were not 
included in this series, then the term d, would not be given, and we 
should proceed by Stiruine’s Formula, which involves d, directly. 

Bessev’s Formula is particularly simple and convenient when 
nm —=%, that is, when it is required to find the function which falls 
midway between /#, and /,; this important case will be fully con- 
sidered in a later section. 

43. Simple Interpolation.—W hen frequent interpolation is required, 
as in tables of logarithms, trigonometric functions, ete., the interval of 
the argument is usually chosen sufficiently small that the effect of 
second differences may be neglected. Brssev’s Formula gives in this 


Case 
Boe. Fr nay, (118) 


To interpolate backwards from F), that is, to find F_,, we obtain 
from (1lla), by neglecting second and higher differences, 


F_, = F,—na! (119) 


Upon these formulae the process of simple interpolation is based. 
The first difference to be used in either case is the value falling 
between #, and the function toward which the interpolation proceeds. 

Frequently, where great accuracy is not required, it is sufficient 
to obtain /, by simple interpolation even when the second differences 
are considerable. In such a case, supposing that the third differences 
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are insensible, we observe from BrssEt’s Formula that the error of 
the approximate value of /”, will be — 


n(n— 


n= LY yn (120) 


n 


, n(n—1 : : : 
The maximum value of ee which obtains for n—=%, is —#; 


whence we have the following result: 

When second differences are sensibly constant, the maximum error 
of functions obtained by simple interpolation is % A". 

Thus, in Tables I, IJ, and III, the values of the coefficients for 
A" (designated above as B) can never be in error by more than ¢ of 
10 units, or 1.2 units in the fifth decimal, when found by simple 
interpolation. 

44, Interpolation Involving Second Differences, by Means of a 
Corrected First Difference.— When the second differences are con- 
stant, or nearly so, but too large to neglect, their effect may be 
included (and hence an accurate value of F', obtained) by the follow- 
ing simple method: 


Since third differences are supposed insensible, BEssEL’s Formula 
becomes 


n (n—1) i 


2 


Ff, = Fyt+ nat 


n 


which may be written in the form 


Es P+ 1 fa, — (=) | (121) 
Now, because third differences are negligible, we may write } for 6 in 
(121); then, putting 
1—n 
Ey = a, —( 5 ) 
we have (122) 


Eo eer tes 


n 


The value of /’, is thus obtained almost as readily as in simple 
interpolation. In forming the quantity ee (which is simply one-half 
the complement of 2 with respect to unity), only an approximate 
value of n is ordinarily required. The value of o,, the corrected first 
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difference, is thus found by an easy mental process amounting almost 
to mere inspection. 
ExampuLe.— Find (8.2) from the following values of 7”: 


be m= 0A OF 49” Ge at Pees 
Hence, by (122), we find 
1—n 1—0.4 


FS p= 08 
am = 51—(0.3X18) = 45.6 
.F, = 49+ (0.4X 45.6) = 67.24 


This result is exact, because the second differences are rigorously 
constant. 

45. Backward Interpolation by Means of a Oorrected First 
Difference. — From (111a), neglecting differences beyond 4", we 


obtain 
ae h +)! == Ii 
Ee Ey Te ised a en Preah poe ee 3 dg, 
or 
ff, = Lf, — n(w- ” 0) (123) 

Hence, if we put 

see (=) h 
we have os (124) 

f_,= F,— nea! 


Exampie.— From Hinw’s Tables of Saturn, the following pertur- 
bations are taken; find the value corresponding to the argument 


T = 30682.38. 


T F(T) A! at 


28800 | 12.5751 


29760 | 12.1998 see +70 
30720 | 11.8315 3615 68 
31680 | 11.4700 _ 3559 | +63 


32640 | 11.1148 
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Taking ¢ = 30720, we have 


720 — 682.38 


F, = 11.8315 n = — T= = 0.03919 (backward from F,) 
T = 30682.38 a! = —8683 
» = 960 b= + 68 


Using 0.04 as a sufficiently accurate value of m in determining @, 


we find by (124), 


1—n 1—0.04 
ie 5 = 0.48 


a! = —3683 + (0.48 x 68) = —3650 
— 11.8315 — [0.03919 x (—3650)] = 11.8458 


In the present example the algebraic signs of the several quanti- 
ties of (124) have each been considered. Now it is important to 
remark that in the majority of cases no attention need be given to 
these signs; for in this fact lies the chief practical advantage of the 
method. Thus, in the present example, we are interpolating from the 
third function toward the second; the value of 4 to be corrected is 
the difference of these two functions, or 3683; the sign we disregard. 
The correction to be applied to this number is 0.48 x 68, or 33. Again 
neglecting signs, we simply apply this quantity to 3683 in such a 
manner as to obtain a result falling somewhere between the numbers 
3683 and 3615 of the column 4. Hence, we decrease 3683 by 33, 


if 


thus obtaining 3650 for our corrected first difference, a’. Finally, 
na’ — 143, by which amount we increase the function 11.8315 (giving 
11.8458), since we observe that the functions are increasing in the 
direction of the interpolation. 

A partial exception to this mechanical method of procedure is to 
be observed when a, and a’ have opposite signs; that is, when 4’ 
changes sign in passing the function %. In this case the sign of a 


must be noted; we then have, as in (122) and (124), 


Foe fit nd, 
i 


124 
F,- nee! ( 2) 


—n 
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For example, given the values below : 


T | PU Ne A" an 
10 138 

+400 
105) 538 +100 —300 
20 638 200 300) 
25 A384) > 


Suppose it is required to find FW, for 7 —=19. We let t= 20, 
#, = 688, and interpolate backwards with n— 0.20. To obtain a’, 
decrease 100 by 0.4300, or 120; whence a’ = —20, and therefore 


f_, = F,—na! = 638 — [0.2 x (—20)] = 642 


We remark in passing that the value of the corrected first differ- 
ence, either in forward or backward interpolation, is always contained 
between the limits a, and a. 

The number of instances in practice where the differences beyond 
A" may be neglected is very large. The precepts given above are 
therefore important, and should be practiced by the student until their 
application becomes rapid and mechanical. 

46. Correction of Erroneous Functions by Direct Interpolation of 
the Values in (Question.— When an error has been detected in some 
one function of a series by the method of differences, as explained in 
§8, it is often possible to find the true value of that quantity by 
direct interpolation. To accomplish this, we have only to omit from 
the given series every alternate function, the incorrect value being one 
of the number rejected. We have then to make but one interpolation, 
midway between two functions of the new series, to obtain the value 
required. It is necessary, however, that the given series shall include 
a sufficient number of functions to furnish an adequate schedule of 
differences in the abridged table; furthermore, the interval of the 
original table must be sufficiently small that the magnified differences 
of the abridged table will not be so large as to render interpolation 
impossible. 

We illustrate by means of Example III, §9. The value of @ for 
May 11.0 was found to be incorrect; hence, to find the true value, 
we omit from the given series the positions for every noon, retaining 
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only the values for each midnight. Thus we obtain the following 
abridged series : 


° 
= 
ie) 
= 
= 
> 


May 8.5 |. —1 59 54.2 ae 
Sete Omi aray nh) el Piso Ps rt 
10.5 | +0 32 39.9 1 13-395 | 2 844 a, ist as 
11.5 UCT A ce, eg he he 
12.5 | +2 51 51.2 sees 


The value of 8 for May 11.0 is now readily found by interpola- 
tion; for this purpose, we take 


t = May 10.5 Bea EO 52) 509 n = 0.50 


0) 


Since but one value of 4” is given, namely d) = 54.8, we pro- 
ceed by Streiine’s Formula (see §42); thus we find 


oe fa 082 60.9 
ees ee OT Ga es EO eT 808s 
i San jee ast A Bice 2600 
eee ee 1h Ch 
D = —0.00781 ies a bis iter 0.43 


-, B (May 11.0, 1898) = +1 10 10.44 


The value found in §9 by the method of differences is +-1° 10° 10".6. 
The result just obtained by interpolation is uncertain within narrow 
limits, because we have no knowledge of the value of 4 in the above 
table. The value 1° 10’ 10’.6 should therefore be taken as the more 
probable. 

Had the value of 8 for May 13.5 been included in the original 
series, our abridged table would have yielded two values of #* and 
one of 4. We should then have used Brsset’s Formula (see § 42) to 
compute the latitude for May 11.0. Now, the moon’s latitude for May 
13.5, 1898, is +8° 46’ 22”.2; including this value with the others above, 
and applying Bussxi’s Formula, we find ~ = +1° 10° 10".57. 


47. When a series contains several incorrect functions, separated 
from each other by even multiples of the interval o, the foregoing 
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method at once serves for the determination of the several values in 
question. Thus, in the series 

se ie is Vale Las 


( 


let us suppose that #, #,, and F, are in error. Then, if we tabulate 
and difference the series 


Ey F,, i; F,, Fi, 


the required values are easily found by interpolation. 

Again, when two adjacent functions, say /, and F,, require cor- 
rection, we may proceed by tabulating every third function of the 
given series; thus we obtain the abridged series 


A; Les, F,, F,, 


from which the values of F, and F are found by interpolating with 


nm = 3 and 3, respectively. Otherwise, if the differences of the latter 
series are too large for accurate interpolation, we may omit from the 
original table every alternate function only, as in §46. The resulting 
series, 

De ss Bee 


will therefore contain but one incorrect value, namely #,. The cor- 
rection to #, may then be found by the method of differences, whereas 
this method might be impracticable if applied to F, and Ff, simulta- 
neously. Similarly, we may correct ¥', by the differences of 


Vik Pes Fe, bee F 

or, by interpolation from the corrected series 
i, F,, Figo is F;, 

SYSTEMATIC INTERPOLATION— SUBDIVISION OF TABLES. 


48. Thus far we have considered interpolation as a process for 
computing the values of functions for occasional or special values of 
the argument, simply. We shall now consider the subject in a broader 
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sense, and find that interpolation is of great importance as applied 
in a more extended and systematic manner. 

When a complicated function is to be computed and tabulated for 
a large number of equidistant values of the argument, or when the 
tabular quantities result from a long and laborious calculation, it will 
be much shorter and easier to make the direct computation for a less 
frequent interval than is finally required, and thence to obtain the 
intermediate values by systematic interpolation. For example, suppose 
the function 

F(T) = 700.43 sin27—1”.19 sin4d7 


is to be tabulated for every 10’ from 30° to 60°; we should begin by 
computing (7) for every 4th degree of 7. Thus we should obtain 
the values of #(7') for 7 = 


D206 509 82° 10s 


the calculation being extended somewhat beyond the assigned limits 
in order to facilitate the interpolation which follows. These quantities 
having been differenced, and corrected for accidental errors if neces- 
sary, the middle terms are then found by interpolation to halves. We 
thus obtain the series /’(7') corresponding to 7’ = 


26.2883 82° ae ee 2648 


Interpolating again to halves, we have a table of #(7’) for every 
degree of 7. <A third interpolation to halves gives the function for 
every 30’. Finally, interpolating the latter series to thirds, we obtain 
the required table, giving #(7’) for every 10° of the argument 7. 
It is obvious that the labor of computation decreases rapidly with 
each successive interpolation. 

All of the extended tables in common use, such as tables of loga- 
rithms, sines, tangents, etc., have been subdivided in this manner, at a 
saving of labor almost beyond estimation. In fact, interpolation has 
undoubtedly done more for mathematical science than any other dis- 
covery, excepting that of logarithms. 

The following sections will be devoted to the derivation of formulae 
and precepts which will simplify the process of systematic interpolation 
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just described. Instead of performing a separate and distinct calcu- 
lation for each interpolated function, we shall develop a method by 
which the required values are obtained by successive additions of the 
computed differences of those values. 

The most convenient interpolation to perform, either in an isolated 
case, or as applied to the subdivision of an extended series, is interpo- 
lation to halves, which gives the function corresponding to the mean 
of two consecutive tabular values of the argument. This case will 


now be considered. 


49. Interpolation to Halves.—If, in Brsseu’s Formula (111), we 
put n=, the coefficients of 4” and 4 vanish, and we get 


Fo = P+ 'a,—}6+ ,¢—.. 2% (125) 


Since /,—F,—=a,, we have 


Atty = a Et 
2 
Also, by (106), we have 
b+ 6, 
ya 2 
edad 


2 
Hence, (125) may be written in the form 


Fi a 02 b, +b d. +d 
eee a (45 ‘) + ats (75 ye. Pas G (126) 


which is the formula for interpolation to halves, true to fifth differences 
inclusive. ‘The differences are to be taken according to the schedule 
on page 62. 3 

Supposing that fourth differences are so small as to produce no 
. sensible effect, we obtain from (126) the very simple formula 


F+R | (b,+b 
5 aes ‘ (127) 


F= 


true to third differences inclusive. Hence, to interpolate a function 
midway between two consecutive tabular values, we have the following 
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Rute: From the mean of the two given functions, subtract one- 
eighth the mean of the second differences which stand opposite. The 
result is true to third differences inclusive. To obtain the value true 
to fifth differences inclusive, add to the above result 73,5 of the mean 
of the corresponding fourth differences. 

50. Precepts for Systematic Interpolation to Halves.—'The fore- 
going rule applies either to the interpolation of a single function into 
the middle, or to that of an entire series of values. For the latter 
purpose, however, the work may be arranged in a more expeditious 
manner, as follows: 

For convenience, we assume for the present that 4th differences 
may be neglected; accordingly, if we put 

SLs ig as i I sy et kn med «sperma 612) 
we obtain from (125), 


by 

oO (129) 
i 

BY = ba, —4 (54) 


The quantities 6’ defined by (128) are evidently the first differ- 
ences of the interpolated series; the alternate terms, 6), 6,,d,;,...., are 


computed by (129) from the first and second differences of the gvven 


series of functions; the values of 4,, 6;,6;,.... are not computed. 
The method and arrangement of the work are shown in the schedule 
below : 
ERED) Oe Neel a B A! A" ai 
¢ Sa) es 
a! C 
t vim : by 
/ 
t+ kw F, do §, Lay =i 21) ay, Cy 
} / 
=e al Ch ae tl b 
t w HF; ' at b, +b, 1 
t+ Z| F, i on | BON: = 9 as Cy 
6}! 
rf ie 4 Ee > 8, by 
% : 5 ! 1 bat bs ¥ 
t+ §o| F, Of | Fe 8 ans toe Og C3 
; 9 
UY 301 Es °s 8, bs 
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The differences of the given series are placed in the last three 
columns, under 4’, 4”, and 4”. The column a is then filled in by 
writing opposite each of the quantities s one-half its value. The 
column £ is also computed, each term being minus one-eighth the mean 
of the two values of 4” which stand opposite. The alternate quantities 
of column & are then found, as in (129), by taking the sums of the 
corresponding terms in a and 8; the results are written immediately 
above the line of the latter terms, so as to fall between /, and #,, 4; 
and /,, etc., respectively. 


Finally, since by (128) we have 
R= Fh! , Rae Btey . Fa, ear ee (180) 


it is only necessary to add each computed value of 6 to the function 
immediately preceding, to obtain the required middle functions. Hav- 
ing thus completed the interpolation, the remaining or alternate values 
of & are filled in by direct differencing. The second differences are 
then written in the column 6’, their regularity proving the accuracy 
of the work. 

The given functions, also the computed first differences, etc., are 
distinguished in the above schedule by heavy type. 

When it is necessary to take account of 4th and 5th differences, 
we haye only to form an extra column y, to follow 8 in the schedule 
above. Under y we write the terms 


ee 3: (0, dg 
128\" 2 ) ae 2 ) » ete. 


the values of & are then formed by adding the three corresponding 
terms in a, B, and y. 
EXxAmpLE.— Given the values of log sin 7 for 7’ = 80°, 32°, 34°, 
. 1. 42°; find the value for every degree of. 7 from 32° to 40°, 
inclusive. 
In accordance with the method above outlined, we arrange the 
given functions, with their differences, as follows: 
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T | Log sin T 6! 8! a B A! an All 
30 9.69897 
42524 

PO T2 10 agp _189 

38 9.73611 fe ee LOT. as 294 | 2888 +20 
9, DT eas 169 

35 9.78859 nee 40} 1083.0! 20.2 | 2166 15 
9, 39 154 

31 9.77048 aes 36} 1006.0| 18.3 | 2012 15 
9,789: 35 139 

39 | 9.79887 | , en _33| + 936.5 | +16.7 | 1873 +10 

40 | 9.80807 _129 

41 41744 

42 | 9.89551 


Since 4th differences may be neglected, only the two columns a and 
B are required for the computation of the differences 6’. All the quanti- 
ties actually used in the process are given in the above table. The 
computed quantities, together with the given values of log sin 7’, are 


printed in heavy type, to render this process more evident. 

51. To Reduce the Argument Interval of a Given Table from o 
to mo, where x is a Positive Odd Integer.— As particular cases of this 
problem, we may take m=, 4,4, etc. Taking m=, we intro- 
duce two values between every two adjacent functions of the given 


table; we thus derive the series 
E,, F, , F,, i, Lf, 


in which the interval is 4. This process is called interpolation to 
thirds. To interpolate to fifths, we let m= }, thus introducing four 
functions between every two adjacent terms of the original series. 
We then have the tabular values of 


Fy, Fy, Fy Fy Fy fi, Fy, 
the interval being jo. 
‘ if : urs 
More generally, let us take m= ,, where k} is a positive odd 
integer; we thus introduce *#—1 equidistant values of the function 
between every two adjacent terms of the given series. The resulting 


series will therefore be 


, Lj = 
d tire Tike ieee Len Ss are Py tyms Ey Prim 
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in which the argument interval is mo, or :: Now, the two adjacent 
functions of this interpolated series, which, as a pair, fall medway be- 


tween /, and /,, are 

(a and wean 
that is 

“ee ™ “ex 
Hence, if we put 

i on 


it follows that 8/ is the value of the first difference of the tnterpo- 
lated series which falls on the line midway between F) and fF; we 
shall designate this quantity a middle first difference of the required 


series. If we now let 
1+m 


| zo (132) 
we have 
1—m 
a 1—n 
and (131) becomes 
li ee (133) 


Hence, to express 6, in terms of the differences of the gzven series, 
we have only to express the values of #, and /_, by BESsEL’s 
Formula; thus, abbreviating coefficients, we have, as in (113), 


F, = Ft+na,+ Bb+ Co,+Ddt+ By,t.... (134) 


n 


Also, by virtue of the property of these coefficients established in $41, 


we have 
F. 


1—n 


= F,+ (1—n)a,+ Bb— Ce, + Dd—Het.... (135) 
The difference of these equations gives 
6!) = F,-F_, = (n—l1)a,t 2Cet+2khe TF... . (136) 


Now, by (132), we have 
1+m 


i 
2 


hence, from (111), we find 


C = tn(n—1)(n—-3) = ig (m1) 
m 


EB = y3y (ntl) n(n—1) (n—2) (1-2) = gy (WTI) (n—-2)C = 


(m?—1) (m?—9) 
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Substituting these values of », CO, and E in (136), we obtain the 
formula 
Of es ma, + 50 (m?—1) 6+ Fg0p (mM? —L)(m?—9) Cole eee tee (187) 
by which the middle first differences may be computed in any case, 
; Loe: we F 
provided m 18 @ positive odd integer. 


Let us now consider the schedule below : 


T F(T) IN] 6 ov A’ gl Al Aiv dv 
t=w Ea " a! dl 
t—wtmol.. em AE Sete te oe 

5! 2 oe G Mi oe c! el 
t—mw vedee nays . 
t 1h oo. 8! a 6 b, d, 
t+mw ees pay A Rat pias 
eee 5, ; 64! ay Cl 2 
ini Wie Ng. = Lope 

[ t+o F, ae 61” as b, d, 


The quantities are here arranged in a manner somewhat similar 
to the schedule of §50. The given functions, F_,, F,, Tecan a ey 
are separated, successively, by k#—1 blank lines or spaces, for the 
subsequent entry of the interpolated values. The columns 8’, 8”, and 8” 
are also reserved for the differences of the interpolated series ; and 
the differences of the given functions are written to the right, in 
columns 4 to 4. 

The value of 6,’ is now computed by (137) from the differences 
a, ©, and ¢, which stand opposite. In like manner, 8, is computed 
from the differences a, c’, and ¢; 8,, from a, c, and ¢3; and so on. 
We thus obtain a series of middle first differences, which are tabulated 
under 6 in the schedule above. 

Now it is clear that if we should interpolate the #—1_ inter- 
mediate terms between 6, and 6,/, between 6, and 5,, etc., the 
resulting series would constitute the consecutive first differences of 
the wnterpolated series F'(7'); the required functions would then be 
formed by successive additions of these differences. The problem of 
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interpolating the given series /’(7’) is thus virtually reduced to that 
of interpolating the computed values of 8 in precisely the same manner, 
Now, let 8,” denote the second difference of the interpolated series: 
F,, which stands opposite 7); 8,”, the second difference opposite Ly: 
etc. It follows that 8,” is the middle first difference of the interpolated 
series 8’, which falls between 8 _, and 6,; 6,’, that falling between 


6, and 6; and so on. Hence, we may find .0;°,.8 "30... ee 
the computed series 9,, 8/, 6,,.-..., im precisely the manner 
that the latter quantities are derived from F_,, M, F\,.-..; that 


is, by application of the general formula (137), mutatis mutandis. For 

this purpose, we must form the differences of the computed series 
d_,, 8,3, 

Accordingly, let us put, for brevity, 


iM .~ m ‘ . 
MM = ag (me —1) ; M! = 1930 (m?—1)(m?—9) (138) 


and (137) becomes 
6! = ma,t Me,+ Me, (139) 


provided differences beyond 4 are disregarded. We now form a table 


of the quantities 98_,, 8/,6/,...., and their differences, as follows: 
Function, = 6/ 1st Diff. 2d Diff. 3d 4th 
ay, ql 
d!, = ma! + Me'+ Me! e er me! + Me! - me! 
8, = ma, t+ Me, + Me, ie Ee a me, + Me, mane me, 
6,’ = ma, + Me,+ M'e, fee SES ened Se eRe Me, — Me, 


Whence, applying the general formula (139) to the quantities of this 
table, we obtain 

6!’ = m(mb,t+ Md,) + M(md,) = mb, + 2Mmd, 
or, by (188), 


2 
6)? = m*d,4+ 73 (m?—1) d, (140) 


by which the quantities 8’_,, 6,°,5,",.... of the former schedule 
are computed from the differences 4” and 4 which stand opposite. 
Again, we may suppose that the intermediate values of 8” have 
been interpolated between the computed values 8”_,, 8),8,7,....;3 
this completed series 8” constitutes the consecutive second differences 
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of the interpolated series (7). Finally, we shall denote by 6,” the 
third difference of the interpolated series #, which stands opposite 
6, in the given schedule. The quantity 6,’ is therefore the middle 
first difference of the completed series 8’, which falls between 5,’ and 
6:; it bears the same relation to 8” and 8,”, that 8/ bears to F, and 
f,. Hence, to find 3,”, let us put 


yy 2 
Mi — 75 (m1) 
and (140) becomes 


8, = m%, + Md, (141) 
The differences of 8’_,, 8)”, 8,”,.... are therefore as follows: 
Function, = 6! Ist Diff, 2d 3d 
of = mb! + Md! ; md! Ae 
8 Pe. mb, - Ma, gs md, we: 
a eae ae | ee, eM Me, sy me, 
WT Sige es Ma md, 


Whence, applying (as above) the general formula (139), we find 
8," = m(me,+ Me) + M(me,) = mie,+(mM"+m?M) e, 


Substituting the values of MW and M”, we have 
m? 
8" = me, g (m’—1) e, (142) 


In practice, the values of 6 and 6” are never required, and in 
many cases the column 6” is not necessary. Supposing, however, that 
we have computed the (nearly constant) values of 8!) , 8)", 8", ... 
by (142), the intermediate terms are then written in by mere inspec- 
tion. We thus complete the column 8”,—the consecutive third differ- 
ences of the required series #(7’). Having also computed the 
WUINUILICS! soy, 0; 7 28. Bld 8, 0, ,-0,, + 5 «5. we complete 
the columns 96” and 6, and hence, also, the interpolated series #( 7’), 
by successive additions. 

We now bring together the formulae for 6,, 8)’, and 8;", in the 


order computed in practice, as follows : 
3 
6” = mc, + ~ (m?—1)e, 
wm, 
do! = m+ zo (m’—1)d, (148) 


m m : 
5 = ma,+ om (m?—1) e+ 7930 (m? —1)(m?—9) e, 
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which serve to reduce the tabular interval to m times its original 
value, m being the reciprocal of a positive odd integer. It will be 
observed that the differences required in computing each of the quantities 
5 are always found on the same line with that quantity. 

52. Interpolation to Thirds.—¥For this purpose, we take m= 3 
in the formulae (143), and find 


UD ia Sate 1 it ; 
8" = gy — ahs 
ines SN 2 
8 == 4b, — 254, (144) 
1 
3 Ls: 


bf = 4 


These formulae are more conveniently computed in the form 
8” — a (eq,—4 ey) 
8," 5 Oy — #7 % (145) 
8) = 3(4—-8,") 


ExampLe.— Given the value of log tan 7 for every third degree 


I 


I 


of 7 from 27° to 48°, inclusive: find the function for every degree 
between 33° and 42°. 

According to the precepts of the last section, we arrange the 
work as follows: 


de Log tan T 6 Ou ou yal All Bits div 
27 | 9.70717 
+5427 
30 | 9.76144 —319 
+3.1 5108 +85 

6 @) ¢ 3.0 © 
Soe eee egies oe | ea b ae 
34 | 9.82899 eae ete a . 
€ ROC 1623.8 jn 2.6 4874 71 
er 0, eo, ee. wal ea 
36 | 9.86126 |) jp 5ex'9 18.0 o 163 12 
v 585.93 2.3 
37 O80 7 Ll 20 Ff Loe = 

1569.6 oR we) ATA. 59 
38 9.89281 15561 13.5 90 
39 | 9.90837 aa 11.! a 104 6 

1544.6 2.0 
40 | 9.92382 vee 9.5 
Re rca ieee en Gu ae 
42 9.95444 amy aoe De 19 se 51 == o 

Bi 4556 +51 
15 | 0.00000 r 
+4556 

48 | 0.04556 


The heavy type shows at a glance the given functions, and like- 
wise the computed middle differences. We observe that it is here 
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necessary to compute five values of 8”, four values of 8”, and only 
three of 6’. These quantities are computed to one more than the 
number of decimals given in #’(7Z'), to avoid accumulation of any 
appreciable error in the final additions. Having obtained for 6” the 


series 
SPB aL 2.6 Dee, 1.9 +1.9 


the intermediate terms are readily inserted, as shown above; it is 
necessary, however, to see that the completed series 6” is consistent 
with the computed values of 5”. Thus we must have 


2.8 +26 + 2.5 = —(18.0—25.9) = +7.9 
ao + 22 + 2.0 = —(11.5—18.0) = 16.5 
2.0 F419 7-19 = —C 5.7 —11.5) = 450.8 


If these relations are not satisfied exactly on first trial, the interpo- 
lated values of 8” must be adjusted to fulfill the necessary conditions. 

The column 8” is now completed by successive additions of the 
quantities 6”. Again, it is necessary to see that the completed series 
6” agrees with the computed values of 6’. For we must have 


—(20.5+18.0+15.7) = 1569.6 — 1623.8 = —54.2, ete. 


Since these relations are seldom exact in the beginning, the pro- 
visional values of 8” will usually require slight alterations. 

From the final series 8”, we obtain 8 by successive additions. As 
before, an agreement must subsist between the values of 6° and the 
given set of functions; that is, between 6’ and 4’. Thus we should 
have 

Ss’ = 1646.9 + 1623.8 + 1603.3 = +4874.0 = J’, ete. 
In the latter case, however, a discrepancy not exceeding four or five 
units in the added decimal may be tolerated. Our final series 96’ is 
therefore satisfactory ; whence we obtain by successive additions the 
required values of log tan 7. 

53. Interpolation to Fifths.— Taking m—=+4 in the formulae 
(143), we obtain 


6, = ybs (C,— 35 41) 
8,” = Bs Oy — Fs 40) ee) 
6! a LSa,— a5 (¢ 1'3'5 &1)§ 


In practice it will suffice to put $¢, for both ,¢ and 74%;¢; the 
formulae (146) then become, very approximately, 
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(147) 


Exampie. — The following ephemeris gives the moon’s R.A. for 


90 THE THEORY AND 
On! — 
8, a 
6f = 
every ten hours. 


Sept. 23° 20" to Sept. 25° 12", inclusive. 
The details of the computation are as follows: 


Obtain the value for every second hour, from 


Date, 1898 Moon’s R.A. 6! 6! 6! A! Ba" aM div 
a 4h h m s ms 8 8 m s | een 8 
Sept. 23 0 | 18 24 26.4 
+25 31.1 
Sept. 23 10 | 18 49 57.5 —20.1 
39 
Sept. 23 20] 19 15 8.5 |4.4 59.39/-0.976 | 93 gas} (#12 
24 0/19 25 63] , 839] 1030/92 osaecl | ao 
9 2 ° ° “ . . 
m4 afio a5 00/ 8681) yong] 28 
Sept.24 6) 19 3955.2} 57°75] 1.097 17 27.3 1.5 
9D / . 
24 10 | 19 49 223] , 2202] raz8] Ml | | ay 
24 12 | 19 Bd 34.2 51.89) 4440] a& 1. 
24 14 | 19 59 25.0 ree 1.149 - 
2 9 ; 
Sr ie | a eee 
25 0| 20 23 214 ree 1.163 |7 92 
Sept. 25 2/2028 5.2} 4 G3] 1.160] 9g 28.9 14 
a 2032, ACS 41.47 ie 1 kasyt 07 
a5 | 20587 29S)| fa 5, | tbat) oat eres fie 
25 8 | 20 42 9.6 33! 4 139 | 005 x 
25 10 | 20 46 48.8 eae 1.130 i 
Sept. 25 12 | 20 51 26.9 : —1.119 12 27.9 + 0.9 
14 
+,015| 2253.8 +1.9 
Sept. 25 22 | 21 14 20.7 26.0 
+22 27.8 
Sept.26 § | 21 36 48.5 
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Here we extend the computation of 8” and 6” two places of deci- 
mals; one of which is dropped in computing 6’, and the other in 
forming the required functions. The principle and method being the 
same as in the last example, further explanation is unnecessary. 


54. Order of Interpolation to Follow, when a Series Requires 
Successive Interpolation to Halves, Thirds, etc. — When a table of 
functions is to be interpolated, successively, one or more times to 
halves, and also to thirds and fifths, the easiest method is to proceed 
in the order named. ‘Thus, if the interval of the original series is a, 
and that of the final table is #’, we may suppose the relation of these 
quantities to be — 


o = 2.3). 5”. ol! 


where k, /, and m are integers. It will then be found most expedient, 
first, to interpolate to halves, & times; then to thirds, 7 times; and 
finally to fifths, m times. 

For example, / being given for every degree, and required for 
every minute of arc, we should first interpolate to 30, then to 15, 
then to 5’, and finally to every minute of arc. 


55. To Interpolate with a Constant Interval n, an Entire Series 
of Functions.— Let the given series, with its differences, be as 
follows : 


ap F(T) Al A" Al div 

t FP b d 

Pa Bese Gh Nd, 
2 2 

3 ay 3 C, 3 

t+ 4o |. F, b, d, 


It is required to interpolate the values of /,,, Mijn, Poiny Main - 
These functions evidently form a new series having the same interval 
as the old. Let us denote this new series by [/]|; also, let the dif- 
ferences of [2], denoted by [2’], |4’], [4”],...., be taken as 


shown in the table below: 
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is er De al a a Ua 
t+ nw Ii is By 5 
eka Coe re ae ei NeeT iy yl 
tb (2+nyos!| Fa | 8 1 Bs i? 8, 
t+ (3tn)o} Fy] 3 Bs Ys 8; 
t+ 4tn)o| Bs. 4 By 4 3, 


Now, it was shown in § 22 that differences of any order may be 
expressed in terms of the tabular functions. Thus, in particular, we 
obtain from the given series F, 

c, = F,—3F,+3F,—F, = ¥(t) 
F—8F,+8F,— Fo = 
= F,-3F,+3F,—F, = v(tt+2) 


. * . . 


$ 
I 


(148) 


where W(¢) denotes, for brevity, the function of ¢ expressed by 
F,—3F,+3F,—F,; thatis, (#) = P(¢+20) — 3F (tte) + 3F(t) — F(t—o) 
Again, in like manner, the interpolated series [F'] gives 


We He Pe a ee Sie a 
fo = Fun — oF H8P ya — F, = Gt otne) (149) 

It follows, then, that the series [7] is simply the series 7” inter- 
polated forward with the constant interval n. Moreover, since the 
above reasoning is perfectly general, this relation holds for any order 
of differences. 

Hence, to perform the required interpolation of the series F'( f has 
that is, to obtain the series [#"], we have only to interpolate forward 
each value of 4” with the constant interval », thus forming the column 
[4”]. This process is obviously brief and simple. Then, if we com- 
pute occasional values of [4’], and also of [#’], we readily complete 
the required table by successive additions, as in the preceding problems. 


Examrie.— To illustrate the process, we tabulate the “Latitude 
Reduction” for every fourth degree of latitude (7) from 30° to 82°, 
and thence derive the series for 9 = 35°, 39°, 43°, .... 75°. The 


work is arranged as follows : 
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g o—g! A! A! Al Aiv Q [¢—¢'] [4] patsy 
30 | 605.56 
34 | 648.60 eo —12.58] 4 go 35 | 657.422] 1 97 949 
38 | 679.06] j7'og| 18.18| —)'8? | +.24 | 30 | 684:634 EL ~ 13.294 
MP O96 BL ea, 1S OE eye edd 698.002 | 7554, | 13.587 
46 | 700.08 | _ gq] 18.63} 747] -26 | 47 | 698.883] ",5°53,| 13.612 
50 | 690.19 | “59°95 | 13.46 ae 27 | 51 | 685.602| oan” | 13.376 
54 | 666.84} Sa'57| 13.02] o'7q| .26 | 55 | 658.945 39.595 | 12-868 
58 | 630.47 | egg] 12-82) gga] -23 | 59 | 619.420] Bre5%) 12.110 
708178 |= ng 1e8e ie 28 163 7 507-785 eas 11.118 
C64 520701 “e555 1022) 72.191) 67 \505.032 ok 9.897 
70 | 451.40 79.16 8.86 155 191 71 1 432.382 81.138 — §.488 
74 | 372.24) gear CoV 7) tlds ool 2a eee 
78 | 285.77 — Tot 

— 92.08 
82 | 193.69 
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Taking » = 0.25, we compute by Bussev’s Formula the values 


of 9-9 for 9 = 35°, 55°, and 75°, extending the decimal one unit. 
Similarly, we compute three values of [4'], and all of [4"]; the com- 
puted quantities being clearly shown by heavier type. Adjusting 
slightly the series [4] to conform to the computed values of [.1'], we 
complete the latter column by successive additions. The values of 
[4'| being found to accord with the computed functions, we complete 
the entire series as required. 

Since the computed intermediate values of [| and [/’] serve only 
as checks, it is obvious that their positions, as also the intervals of 
their distribution, are entirely arbitrary. These are details to be decided 
by the computer’s judgement in any given case. 

It may oceasionally be practicable to extend the process to the 


computation of [4]. 
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EXAMPLES. 


1. Tabulate the five-place log cosines of 15°, 18°, 21°, 24°, 27°, 30° ; 
from these values interpolate log cos J for JT’ = 17° 43’, 23° 8, and 


28° 15’, respectively. 


2. Given the following table: 


Compute the values of # for 7’ = 24.6, 28.8, 32.3, and 48.5, using 
either BrssEL’s or StTrRLING’s Formula. 


3. Interpolate the required functions of Hxample 2 by means of 
a corrected first difference, as explained in §§ 44 and 45. 


4. What is the maximum error of interpolation in the table of 
Example 2, supposing that second differences are neglected ? 


5. Find the correct values of the erroneous functions in the 
several tables of Hxample 6, Chap. I, by direct interpolation, as ex- 
plained in §$46 and 47. 


6. Given the following twelve-hour ephemeris of lunar distances 
of Spica: 


Date L.D. of Date L.D. of 


1898 Spica 1898 Spica 
a Can a Oy ae 
July 1.0 | 43 24 9 | July 3. 73 35 46 
1.5 | 50 52 0 3.5 | 81 12 52 
2.0 | 58 24 0 4.0 | 88 48 56 
July 2.5 | 65 59 1 | July 4.5 | 96 22 40 
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Interpolate the series twice to halves; the first result to include the 
values from July 1°.5 to 4°.0, and the final three-hour ephemeris to 
extend from July 2° 0" to July 34 12", inclusive. 


7. The ephemeris below gives the sun’s true longitude for every 
third day : 


1898 Sun’s Longitude 1898 Sun’s Longitude 


Oct. 7 | 194 14 35.2 | Oct. 16 | 203 9 32.9 
10 | 197 12 34.2 19 | 206 8 29.4 
Oct. 13 | 200 10 54.0 | Oct. 22 | 209 7 42.0 


Derive from these values a daily ephemeris extending from Oct. 10 to 
Oct. 19, inclusive. 

8. The following table contains the heliocentric longitude of 
Jupiter for every 80th day of 1898-99, beginning with Jan. 0, 1898: 


Date Helioc. Long. Date Helioc. Long. 
1898 of Jupiter 1898 of Jupiter 


See: 7 ad Ona cs 1 
0 ees BOy NA 320 203 10 20.5 
80 US A Bee IL 400 209 13 58. 


8 
160 191 5 0.38] 480 215 18 35.1 
240° | 197 = 30.9 560 221 24 4381 


Interpolate this table to halves, extending the series from 120° to 440° 
inclusive; designate this forty-day ephemeris, Table A. Then inter- 
polate A to fifths, denoting the eight-day series by B. Let the limits 
of B be 200° and 320", respectively. Retain copies of A and B. 


9. Interpolate (forward) the longitudes of Table A, Example 8, 
with the constant interval » = 0.20, by the method of §55. This 
will furnish an ephemeris for the dates 168", 208°, 248", . . . . 368". 
Compare the longitudes thus found for 208", 248", and 288", with their 
values in Table B, Example 8. 


10. Deduce from the general formulae (143), the special formu- 
lae for interpolation to sevenths, Make an application to the five-figure 
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logarithms of 47, 54, 61, .... 96, by computing the logarithms of 
the consecutive numbers between 61 and 75. 


11. Show that if the formulae (143) were extended to include 


the middle differences of order 7, we should have (using the symbolic 
form of notation employed in the analogous formulae (64) ) 


m 


1920. 


oe (0!) = (ma 55 (m1) GP ali (m?—1)(m?—9) 4+... a 


am 


5760 


WA + Se (m?—1) a + (m2—1)$(5i—2) m?— (Bi +22)i 444 + . . 


in which 7 may be either odd or even; and where 4, 4, 4%, 
symbolize the tabular differences which fall upon the same horizontal 


line with 8‘. 


CHAPTER IT. 
DERIVATIVES OF TABULAR FUNCTIONS. 


56. It is often required to find certain numerical values of the 
differential coefficients of functions either analytically unknown, or 
complicated in expression. In the majority of such cases the function 
has been previously tabulated for particular (equidistant) values of 
the argument. The required derivatives are then readily computed 
from the differences of the tabular functions. 

We have already seen that— with certain limitations — particular 
values of a function, with their differences, practically determine the 
character and law of that function, thus enabling us to determine 
intermediate values by interpolation. The trend or law of variation 
of the function being thus defined by its differences, it is but natural 
to suppose that the successive derivatives are quantities closely related 
to these differences ; since the derivatives are themselves direct in- 
dices of the character of variation of the function. 


07. Practical Applications.—The most useful application is in 
finding the change or variation in F( 7’) corresponding to an increase 
of one unit in T’, supposing the rate of change in # to remain con- 
stant from 7’ to 7-+1, and equal to the actual rate at the instant 7; 
for this quantity is simply the first differential coefficient of 4 (7) 
with respect to 7’, which we shall denote by F’(7’). 

For example, having observed that a freely falling body describes 
sixteen feet during the first second of its descent, forty-eight feet the 
second second, and eighty feet the third, its velocity at the end of 
two seconds is easily found to be sixty-four feet per second. This 
velocity of sixty-four feet is nothing more than the first differential 
coefficient of the space with respect to the t¢me, computed for the in- 
stant 2°.0: it is the space which would be described during the third 
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second, supposing the action of gravity to have ceased at the end of 
the second second. 

The most frequent and important applications occur in Astronomy. 
An astronomical ephemeris contains a great variety of tables giving the 
positions and motions of various heavenly bodies, and of certain points 
of reference. From the given positions, tabulated for every hour or from 
day to day, are derived the motions per minute, per hour, or per day, 
according to circumstances. For instance, the Nautical Almanac gives 
the sun’s declination for every Greenwich noon. The hourly motion 
in declination (also given for every noon) is computed from the def- 
ferences of the tabular declinations: its value is the differential coef- 
ficient of the tabular function at the date in question. 

In the following sections the various formulae employed in com- 
puting the derivatives of tabular functions will be derived. 


58. Development of the Required Formulae in General Terms.— 
The variables 7’ and » are connected by the fundamental relation 


T=ttn (150) 


in which ¢ and » are constants for a given series. Accordingly, we 
haye hitherto written, under varying circumstances, 


ED) ast eie) ss 2k 


n 


as equivalent expressions of the same quantity. In like manner, we 
shall hereafter denote the successive derivatives of ’(7') by the fol- 
lowing equivalent forms: 


= } F(2) : = F(T) =F! (ttno) = F', 

d? 

7) F(D) . = VN (T) =F! (tne) = F! 

a F(T 0 = pi i ey fi (151 

aT} (LT) ¢ 5 FMD) = PM (tne) 5 Fy! ) 
4 

7) F(D) t = F(T) = F*(t+ne) = FY 


When it is convenient to proceed backwards from the argument 
¢ with the interval n, we shall use the expressions 


Fi, = Bit—ne) , FY = Bi(tene) FES Fl Cte) Fs ee toe) 
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Now, by means of any one of the fundamental formulae of inter- 
polation, we may express /’, in the form 


Ff, = Ftnat+Bb+Ce+ Dd+He+.... (153) 
where, in any given case, a, 3, C, +... are known differences; 
aud) where 6, C, D,..... are definite functions of 7, Let the 
successive derivatives of B, OC, D,.... , taken with respect to n, 
be denoted by 

B! , BY! 3B, 
Cc! ; (oui ; Ol! 
DI ‘ Dit ; Dri ; 
BI Bue. 


Then, observing that the coefficient of 4© is always of the degree 7 


in 2, we have 


dB dC dD dE 
ier, fae ! See Ay) ex ingy es / ee ee ny 7 
dn g dn ° dn 2 dn @ 
2B 2C aD @2E 
Se ey 1 es geet ill = ih = fRi 
dn? es dn? G dn? L dn? . 
d*B aPC Ih d?D IVI CH Tl 
ee aa ge De 
te Oe oe oD 
dnt dnt — ant ; 
dD dH 
Ge oe age eee 
dB 


dn’ 


dF dF adn 
/ a n a n 
a age dn aT che, 


From (150) we derive 


dn il 
HI & 


whence 


dF’, 


he = 
* dn 


Soins 
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In like manner we obtain 


ple = dil alt, dn > ue Or. 
= ST = ga ee 6 ge ee 
pil = afl oo CNS One on 
aah Seecneny di OL ae ae 
Pe eo april os api dn = 1 GE, (158) 
fs OL dn dT wt dn* 
oe ony meee dn 1 Cr, 
tS. ga 4° ane Sede. Vea ree. 


Therefore, using (153) and (154), we find 


FL = L(+ Bet+Cct+Ddt+ Bet... .) 
(09) 

ie ee 4 (BI + Cle + Didt+ Ele+ Seed cacy 
@ 
a 

ape ees eg. mr Viton eae 

Put = =, (Met Ditd+ Blot ) (159) 

pe = L rat eet...) 
(0) 

v : Vv 
Bim — ets ..° 2) 


€ 


which are ‘the general formulae for computing the derivatives of CES 
in terms of the tabular differences. 

To derive the formulae for F”_,, F”,, Fn,-...-.-, that is, to 
find the successive derivatives of #’(t—nw), we have only to alter 
slightly certain details of the preceding development, as follows : 

(1) For equation (153) must be substituted the corresponding 
expression for F_,, which has the form* 


F_, = F,—nat BB-— Cyt D8 ee eae ae (160) 
WHELE Oy GsiVe ave 8 AES in general, different from the differences 


GOs uso FO (Loe) 


(2) In the present case, we have 


T= t—nwo 
and therefore 

dn age iL 

al ee 


which must be substituted for equation (156) above. 


* Compare (75), (105) and (111a) with (73), (104) and (111), respectively. 
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Introducing these changes, and operating as before, we obtain the 
required formulae, namely, 


1 
Tie = — (a—BiB+ Cly—D'§t+ Ee—. aes .) 
@ 
1 
erg Oe DIS Ee.) 
a / 
Fl = a (Cy — DNS + Hille — sl se P) 
° (161) 
Eee (DS Eek 2) 
0) 
1 
gi Aes = oe (H%e— . . . oe) 


It now remains to apply (159) and (161) specifically to each of 
the several formulae of interpolation, of which (153) is the general 
type. It is obvious that a particular set of coefficients, eel oe ee, 
CO’, CO”, ...., ete, will result in each case. 


2, 


59. To Compute Derivatives of F(T) at or near the Beginning 
of a Series.—The formulae adapted to this purpose are derived from 
Nerwron’s Formula of interpolation (73), which is— 


Dat pt Cis BO te Con ted ra etn 5 =, (162) 
where 
— n(n—1) EB wh 
[2 a 2 
_ awn?) ni on 9 
G 3 Gio es 
_ a(n—1)(n—2)(n—8) SR a are ee (163) 
be ni Bi ager ae ae 
ome) ee. (Ae oe nt Ce. Oe oh 
g i fede Ode iD” ae 


Differentiating these expressions successively with respect to n, as 
indicated in (154), and substituting the resulting values of BY, B’,.... 
C’, C’,...., ete., im the general formulae (159), we obtain 


’ 
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il 
BI (tne) = (ach (nA) Opt Gant Yat PHM md dy 


Ce — 84 tia Pe ee i 
BNE na) = al? ot (M—1)e+ (F—$m+ pdt Fmt Ens et - 5 
FI"(¢+ne) = se (cot (0-8) dyt (YP —2n Det. - +) (164) 
F* (t+ne) = a (4 eC ee oat ss) 
FY (¢+nw) = = (et = :) 


ater Sb 0.) -O. bee ies 6) 9 Ute 


These formulae determine the derivatives of #’(7Z’) for any or all 
values of 7 between ¢ and ¢+o, according as we assign different 
values to n. As in preceding applications, is always a positive 
proper fraction. 

When, as is frequently the case, derivatives are required for some 
tabular value of the argument, say ¢, we have only to make n= 0 
in (164); we thus derive the following simple expressions : 


2 1 
M@® = me (G4 —% Ot 3 —4 At F ey— ) 
a 
FP") = Fe y— St 1% —F Gt. - -) 
il 
II — hey = 
ra) ; Gas ee 
FN) =a (dy —2e,+ ) 
- 1 
FY@) = —=@—----) 


wi) 40,0 8 5 AO Oe Oe fod ey ae 


The differences employed in (164) and (165) must be taken 
according to the schedule on page 3, as in direct applications of 
Nerwrton’s Formula. 

The formulae (165) have already been established in $18; for it 
will be observed that (45) and (165) are identical, since in the former 
D, D’, D’,.... are used symbolically to denote oF” (é), oF” (#), 
id AS) DAEs 
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Owing to the special practical importance of the first derivative, 
the coefficients of #’(¢+no), namely, 


= Aas Do I Ree Ok anh a ae 

B' = n-3 ; DS ae +4in—4 (166) 
Higgs aT mo 1 Ma Tt OP Neti) = & 1 

Cl = ¢ nm+3 ) i'l = 3% -32 EL eet La 


have been tabulated in Table IV for every hundredth of a unit. in 
the argument n. By means of these quantities, we readily compute 
#"(t+no) from the formula 


Fl(ttno) = : (a, + Bl, + Cle, +D!d,+ Ele,) (167) 


The formulae (164), (165), and (167) are especially adapted to 
the computation of derivatives at or near the beginning of a tabular 
series. We shall now solve a few examples to illustrate their use. 

EXxAmp.eE I.—From the following table of #(7) =0.37%—2T?4, 
eompute, 1 (22) for “7 =— 2:8. 


48 F(T) A! Al All div 
0 4.0 - 

2 (| ere ee re 

cee el) CO Oe eon line 
Sea STUR elie at ee recede SIR 
8 | 11048 | 4 roo | +9152 _ 

10 | 2804.0 Z 


Here we have 


t=—_ 2 o= 2 q, = 48.0 C= 7288.0 
Le 28 n = 0.40 b) == tr 224.0 do = elld.2 


Hence, using the second equation of (164), we find 


b, = +224.0 

Cl! =n —1 = —0.60 C"c, = —172.80 

D! = ®—3nt+it = +0.393 Did, = + 45.696 
« oF! = + 96.896 
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This result is easily verified from the known analytical form of 
the function; thus, since 
F(T) = 0.37! 27? +4 


we derive 
PUT) = 12747 PP) = 36a 


Substituting Z’— 2.8 in the last equation, we obtain 
F" (DP) = +24.224 
as found above. 


Exampie II.— From the table of the last example, compute 
Tea Ve iow <0. 
Here we employ the first of (165). Making ¢=0, we have 


a, = —3.2 b, == F512 ¢, == F1T28 @ G=iseA 


0 0 0 


We therefore obtain 


7a) = ¥(—3.2 = ae 172.8 see) aa 


2 3 4 


The result is obviously correct ; for we have 
iC aaa ear 
which vanishes for 7Z’= 0. 


EXAMPLE JII.— Given the following table of # (7) =si’T7': 
Compile. 2) (1) stor, 1 =38 30. 


4h Ah) = sine A! A! ai div Av 
4 | 0.004886 | 
8 | 0.019369 Boe 49355 | 
12 | 0.043927 | 723858 | ggo1 | —464 | _ 74 
16 | 0.075976 | 22749 | go5g | 838 | 469 | 114 
20 | 0.146978. | S02 | gape ee ee ie ees 
94 |) ONGBARR Poon onan 
28 | 0.220404 | 124969 

Here we have 
t= & T = 8° 36 


o = a 


= 0.069813 + n = — = 0.15 


od 3 
i 
Xx 
> 
= 
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Taking the coefficients 3’, C’, D’ and #’ from Table IV with 
nm =0.15, and the differences ad, &, @,.... from the given table, 
we find, in accordance with (167), 


a, = +0.023858 ° 
Bl = —0.35 b, = +8891 Bh, = — 3111.9 
Cl = +0.19458 ¢, = — 638 Cera Avda 
De O12881 d, = — 160 Did, = + 20.6 
EB! = +0.09358 @= + 18 Ble, = + 1.4 
log (wF'!,) = 8.314794 - oF!, = +0.020644 
log w = 8.843937 
log F!, = 9.470857 -. Fl, = +0.295704 


This result is easily verified by observing that 
d 
aT 
which, for 7’= 8° 36’, becomes 


Tia ik (sin?) = sin 27 


F'(T) = sin17° 12/ = 0.295708 


The former value is thus seen to be very nearly exact. 

If the variation in /’(7') corresponding to an increase of one 
degree in T’ were required in the present example, the result would 
be, simply, 

F(T) = 0.020644 —4 = +0.005161 

60. To Compute Derivatives of F(T) at or near the End of a 
Series— In this case the requisite formulae are derived from NEwrTon’s 
Formula for backward interpolation (75), namely, 


Mee Rene tab Cure De gabe cb yx es (168) 
where B,C, D,.... have the values given by (163), as before ; 
and where the differences a_,,b6».,¢_3;,.... are taken according 


to the schedule below : 


af F(T) A! All Al div Av 
t— dw | Ff, Don d_, 
te das. (BZ, as i a = oe 
t— 3 | #_, oe b_4 ae d_s oe 
yee sem AE | agg A era alae) rn) cas 
t—w TES. Geer I girs C8 
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Comparing (168) with the general formula (160), we have 
eo = a, , B= b, ’ VY = Bs , 


Therefore, substituting the previously determined values of 
BB... ..5 GL C’y. 2s ., ete. im the generalsionmulae: (IGi); 


we obtain 

FI tana) = 2 (ap “H bat Ponty es Gms Hn d dy 
+@E-8'+ Emt—9nt Dose...) 

Fl (tno) = 5 (0-4 (Nest (Int Hyd Gong fn—8)e_st. .) | 

FN tne) = = (es-@—8) d_,+ (@—2n+h)e,—... ) (169) 

Pr (tne) = 5 (d4—@—2)est---) 

FY (t—no) = as (e-5— a ) 


Making n=O in (169), we have 


ay = = (ayt4) Pees, Pad Pe eey aie aea5 

F'(@) = = Oat eet ditto, a, ae 

F"() = 2 (ee dae ee ete (170) 
FW (f) = SG Lae+ eS 

F’ (@) = age aE aks 


As above, we emphasize the relative importance of the first deriy- 
ative in practice: thus, for brevity, we write the first of equations 
(169) in the form 


it 
F!(t—no) = = (a,—Blb_+ Cles—Did_ t+ Ble,—.. . .) (171) 
the coefficients DB’, 0’, D’, #’ being taken from Table IV with the 
argument 7. 


Formulae (169), (170), and (171) are particularly useful in the 
computation of derivatives at or near the end of a series of functions. 
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Moreover, when the interval » approaches unity, formulae (169) and 
(171) are convenient for computing derivatives corresponding to the 
argument ¢-++- nw, since they enable us to proceed backwards from the 
argument ¢-+-@ with the interval 1—n. We shall now solve several 
examples to illustrate these applications. 


Exampie I.— From the following ephemeris of the moon’s right- 


ascension (a), compute the hourly change in a at the instant Feb. 3° 


20° 24™, 


Hace ee R.A. at All am div dv 
F x i 0 449 39.68 ay 8 Ss s s 
eb. “ 
ele Ore nse t a. ere eels na 
20 042 26.80 5 Bye | — 126 | Egg | 1908 | oo ea 
212|6 8 51.58 ee T.20 0.62 
26 17.48 5.87 + 0.30 
OO" 6 ob O01 3 fa P02 0.92 
SoD eet 180271 eo er 
2-017 or Aa 


Since the assigned unit of time is 1 hour, we have = 12; 
hence, letting ¢— Feb. 4" 0", we find 


ASO) NIZA 
n= on = 0.30 


which is the interval reckoned backwards from t= Feb. 4° 0". De- 


noting the quantity sought by 4a, we then have 


da = F'(t—no) 


We therefore employ the formula (171): thus, taking the requi- 
site differences from the given series, and their coefficients from 
Table IV, we obtain ; 

Mes re 


Bie -0,20 ae Or Se ae 
C! = +0.07833 Cee SG, ee YS 
D' = —0.03800 Geet he Se te 0.035 
BE! = +0.02009 oS 42080 +He, = + — 0.006 
Re 5 AA. 07 
Whence 
da = Fl, = 25" 44.07 —12 = 2™ 8:.672. 


The change in a for one minute (4x) is simply 
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Examp_e II.— From the preceding table of moon’s R.A., compute 
the hourly variation in A. for Feb. 3°12"; where, as above, 4, denotes 
the change per minute in R.A. 

Regarding one hour as the unit of time, it is clear that the value 
of F(t) given by (170) is sixty times the quantity sought: the ex- 
pression for the required variation is therefore j5 4” (¢), where t= Feb. 
3712". Accordingly, using the second of (170), we find 


Hr: Var. in 2a, Heb: 6° 125, 
eae ee 
= 50 X Gay = 

Examee III.— Given the following values of #(7') = log. 7: 
find ile (2) ator e715, 


2.62 5.37 + 11 X 0.624 8 X 0.54) = —0*.00196 


he HCD) Tos, i A! Al All div Av 
45 | 3.80666 : 
Bde fg.91002.<| 10836 |, 1005 

2 9531 05} tags | 
55 | 4.00733 830 1 OF sar 

| 8701 134 +9 
60 | 4.09434 ie 606; [ie ya Meee te 
65 | 4.17439 be oy ron (ec 
70 | 4.24850 | 4 rai] 512 82 
7 | 4.31749 6899 


Taking ¢= 75, and using the first of (170), we find 


10-5 
FIG) = —s- (6899-5324 49 — 294 18) = +0.01334 


Since #"(7’) = 7, we observe that the true mathematical value of 
the computed quantity is— 
F'(t) = 7» = +0.01333} 
Exampte IV.— From the preceding table of natural logarithms, 
CONIPT OC. -b. .(ke a wd ae 
We let ¢ = 70, and proceed by the second of (169), observing that 


O61 
i = 5 = 0.60 
Thus we obtain 
6 = 0.00594 
C'’ = n—1 = — 0.40 6, = F102 —l"e, = + 40.8 
D! = ®_—3n411 = 40.197 pee, +Did_,= — 6.3 
Hi! = ee mw+in -j= — 0.107 C5 = + 9 —E"e_, = + 1.0 
5 PLS DANE ESS 


Fl = —0.00022.3 
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The true value of this quantity is — 


CL na Bes = — ar = —0.00022.27... 

61. Derivatives from Stiruine’s Pormula. — When differences 
both preceding and following the function /’(¢) are available, formulae 
more convenient and accurate than the foregoing may be employed. 
The most useful and important of these are derived from STrRLINe’s 
Formula of interpolation (104), which is— 


ee Or et) wart 0 he ts (172) 


where the differences are taken according to the schedule on page 62, 
a, c, and e being the mean differences defined by (101); and where 
B, C,.... have the values 


JE = Q 
n(n? —1) n3 n 
Cee i gS SG 
eee n? (n?—1) = ni nv (173) 
_ 24 =o. Oh 
,  m(n?—1)(n?—4) _ n° n> n 
De 120 120 ~ 247 30 
Whence, deriving the values of B’, BY, ...., CPG oP icaieny LCs 


from (173), and substituting these (with the above differences) in the 
general formulae (159), we get 


1 2 
F! (¢+no) = = (a+ mbt G—beot+ @ i) at Gaze tablet. - - ) 
1 
TEL he). = = Di eer iG Ret 2. 2 
u nm 
FM (ttn) = 4(etndyt Cee ae 4 a74) 
. 1 
FY ¢G+tnwo) = G(d4tnme+... ) 
Ww 
1 
TBS (G7-Ho). ==; e+. eae .) 
W 
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Making n=O in (174), the latter become 
iL 
LOI ACEY es = (a—L e+ 4 e- =) 
1 
SE ACs -) 
L 
sia imal ue ob 2 (175) 
1 
2 a os -) 
i ‘ 
LE (are (Oe =) 
Again, writing —n for » in (174), we obtain 
FI (tone) = = (a—nbet GeO) det (H- 94 deye— - - - -) 
F" (t—nw) = . (3, Nee = ide — 9) en Bi 
1 
F"(t-no) = 5 (enact A) ae a i 
( ®) oe 0 (176) 
FY (t—no) = is i (% —ne+. : . 
FY (t—no) = ale 
The coefficients for the computation of ’(t+nw), namely — 
Bh=n , D=?-f 7 
caf), B= s—gidy i 
are given in Table V with the argument n. The quantity #’(T) 


thus readily computed (for any 


the formulae 


F'! (t+ nw) 


it tec EL ee: 


F'ct —nw) 


value of Z’) by either one or both of 


(atnb,+ Cle+ D'd,+ E’e) (178) 
(a—nb, + Cle—D'd,+ Ee) (179) 


in which the odd differences are algebraic means of the tabular differ- 


ences, 


taken as indicated below: 
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T F(T) Al Au Aqui div Av 
Real ! d! 
a! cl el 
t ft COE ORO ah) 
y Cy ey 
oP @ ahi b, d, 


The formulae (174) and (175) may also be obtained by the fol- 
lowing method, which reverses the preceding order of development by 
deriving first the particular, and from the latter, the more general of 
the two groups in question. 

Expanding #’(t-+no) by Taynor’s Theorem, we have 


Oo) ag OME ake ee FN EN + Seapts (180) 


Arranging Strruine’s Formula (104) according to ascending 
powers of n, we find 


2 
F(ttno) = Mt+n(a—teo+se-.. YA ay Coma dot PRE 
n® n* 1 ee (181) 
ie : en ee ; ore eee) 
eed seis eee ge 


Whence, by equating coefficients of like powers of n in the equivalent 
expressions (180) and (181), we obtain 


of! (t) =a—te+ye-—..- el) =a — ae 
Cl La 9 Veer og w FY (t) = e— (1812) 
Ce er a We co Boe age ee os 


which agree with the formulae (175). 
Again, by Taytor’s Theorem, we have 


F'(t+no) = F' (t)+ no" (t) eg oO” pur Gane 


F\t+ nwo) = ec a "Biv @ 5 


cae es ae a etal teh sh stot vet) 10)" Vie) mee) d <6 fo, te Pen 8 ee ee 
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which may be written in the form 


FF! (t+ no) = © (oF + not M(D +E oF + 5 0 8 ) 


2 
F"(¢+ no) = = (oO+ nah PND ot Okara .) 


Substituting in these equations the expressions for of (¢), 
wF"(t),...., a8 given by (18la), we get 


x 
w 


F! (t+ no) = | @—bet se » - )tn(—-pPs d+. -) 


ie n? 4 
+—(e—get+ ores y+ pe on e Fie (e— ee y+ a a 
il 2 
FF" ¢4+noe) = wil Goma ot . .)+n(e—fet . ty Ge 3, ee) 
n? 
+—(e—..)+- | 


(182) 
| e—4e+ ae Cee Ditty Cae tee 


F"(¢4+no) = 


FY (t+ no) = (da—..)+n(e—..)+. | 


si (t+ nw) = | e-- a Fa 7 


These expressions, upon being arranged according to the succes- 
sive orders of differences, will be found identical with the formulae 
(174). For some purposes, however, the present form is more con- 
venient. 

It is quite common, particularly in an astronomical ephemeris, to 

/ . 
tabulate the values of #’(7Z’) corresponding to the tabular values of 
F(T). Such a table would run as follows :* 


ih F(T) F'(T) 


tp) Re ay 


t—w ae 
t dil Ft) 

bar 6: Tei P'(t+o) 
Ep Thaw. Jif F'\(t+ 2) 


*It is evident that M'(t+nw) can be derived from the column F'(7) by direct interpolation : 
moreover, when the tabular values of F'(7T) are thus available, this method of computing F! (t+no) 
is more expeditious than the use of formula (178). ' 
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The first of the formulae (17 5) is almost invariably used for this 
purpose, because of its simplicity and rapid convergence; this formula 
is, in fact, the most important and useful of those which pertain to 
the computation of derivatives. For this reason we formulate the 
following 


Rute for computing the first derivative of a tabular function 
corresponding to one of the given functional values: From the mean 
of the two first differences which ummediately precede and follow the 
Junction in question, subtract one-sixth (4) the mean of the correspond- 
ing third differences, and divide the result by the tabular interval. 
This rule neglects only 5th and higher differences. To include 5th 
and 6th differences, add to the above terms (before dividing by w) one- 
thirtieth (a5) the mean of the corresponding fifth differences, and divide 
by w as before. 

It will evidently suffice, in most cases, to apply only the first part 
of the above rule. 

Several examples will now be solved as an exercise in the use of 
the preceding formulae. 


HxampLe I.— Given the following ephemeris of the sun’s decli- 
nation (8): compute the hourly difference in 8 for the dates Jan. 7, 
10, 13, and 16. 


Behe Sun has Al A qu a = 1 ‘ ae 
° I) / y / Y uv y Wy 
Janet! 2-09-59 294 _ 
A SUS ae eee oe eee 
We 22 20 12.4 OF; 93.0 3 56.9 6A +1404.55 | +0.98 | +19.52 
10 21 54 49.4 99 13.5 3 50.5 71 1638.25 edb? 22.07 
13 21° 25735.9 39 56.9 3 43.4 84 1865.20 1.27 25.92 
16 20 52 39.0 36 399 He: oe + 2084.55 | 1.45 | +28.97 
19 20 16 6.8 +39 58.9 Pa) POM) . 
Ze | —19°36° 8.6 j 


The term 3';¢ in the first of (175) is here insensible ; hence, for 
each of the given dates we have only to compute the quantity 


Fi) = =(0-49) 
Ww 


Accordingly, in column a we write the required mean first differences, 
expressed in seconds of arc. The next column contains minus one- 
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sixth of the corresponding mean third differences. Finally, since 
w — 72 hours, we write in the last column ,y of the quantities formed 
by summing the corresponding terms of the two preceding columns. 
We thus obtain the hourly differences required. 


Exampie II.— Compute, from the ephemeris of the last example, 
the daily motion in declination for the date Jan. 6° 13" 30”. 

We proceed backwards from Jan. 7, using the formula (179), and 
taking the coefficients from Table V with the argument 


74 Ob Om 62 13" 30™ 104.5 
n= “3 = or = 0.14583 
Thus we find 

, Peer NOT 

n= 0.14583 b, = + 236.9 —nb = — 84.55 

C!' = —0.1560 6 = = 16:85 OUR = ar 0.91 

D! = —0.012 d, ee Ll! —D'd, = a 0.01 

- wh! = +22 50.90 


Whence, for the daily motion in 8, Jan. 67 13" 30", we obtain 


Bl see 22! 50". 90 2-8 = TOOT 


aoe, 


ExamP_eE JII.— The following table gives #'(7') = e*, where e 
denotes the base of natural logarithms: compute F’(7’) for Z’= 0.30. 


fh a AM) yer Ad! A! AM div Av 
0.0 | 1.000000 oe 
0.1 | 1.105171 oes mela ere gy 
G2) 1391468 ESA 12224 cel kee 

A 5 s 128456 ae 1286 5 a= ili 
0.3 | 1.349859 : 13510 134 
Pah id 141966 1420 18 
0.4 | 1.491825 PROSE 14930 oe 152 
0.5 | 1.648721 sae 16502 at | dee 

Oc 1 ( 3398 22 atmled 34 

0.7 | 2.013753 : 


Using the first of (175), we find 


10= 


F'(0.30) = >> 


(135211 —“F# +55) = 1.34986 


30 


It will be observed that our result is substantially equal to the 
value of #’(7’) for the same argument, 7’ = 0.30: this is required 


by the relation 
FD) = Fi) Sort cae 
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Exampty IV.—From the table of Example III, compute #” ( 7’) 
for T = 0.462. 


Taking ¢ = 0.4 and n = 0.62, we obtain, by means of the second 
of (174), 


0, = + 0.014930 


i == VOY Cs 1-496 We = oe 927.5 
Die = 1 = 0.1089 d, = 7152 Dild, = + 16.6 
Et = 2 _ 2 = _0115 e=t+ 14 Ele = — 1.6 

wf! = +0.015872.5 
Fi! = +1.58725 


The true mathematical value is — 
FU (TL) = F(L) = e? = 0 = 1.587245... 


62. Derivatives from Brssex’s Formula.— Other useful formulae, 
convenient for the computation of tabular derivatives, are those derived 
from Bussei’s Formula of interpolation (111). The latter may be 
written in the form 


F, = F,+na,t+ Bb + Ce,+ Dd t+ Beat... . (183) 


where the differences are taken as in the schedule on page 62, b and 
d being the mean differences defined by (106); and where B, O,.... 
have the following values : 


m(n—1) nn? n 
a 2 ee 
— #@-)@—t) nt 2? on 
ee 6 eee ee 
oe, (nt+1)n(n—1)(n—2) _ nh pets - n? i. n (184) 
a 24 22 24 12 
E (n+1)n(n—1)(m—2)(n—4) Os Fs n* n 
vi 120 ~ 120° 48° 48 120 
Wow ineetrom( 184 ithe yalucs of BB", «0.5 Cy, OC vin, 


etc., according to (154), and substituting these in the general form- 


ulae (159), we obtain 
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F! (t+ nw) = =( 
W 
1 
FY (€+ne) = al 
W 
1 
F'¢+ne) = al 
09) 
) 1 
F* (¢+no) = =( 
W 
1 
Petey = (at. 
W 


b+ (mat (F — F—we)d+ Ft at. - 


a+ (m—4)b+ (F—$4+ a t@ —P — e+ rs) 4 


4 3 n 
+ (a au 34-130) at 


SS eee 


at a-Dd+ Hat...) a 


Q 
+ 
eR 
3 
| 
he 
WY 

J 
+ 
SF, 


Putting n=O in (185), we get 


Fi @ = 
Ot ie 
Fl () = 
Fv (t) = 


FY (t) = 


Again, putting 


formulae: 


i 
= yay a ee oe 


@ 

i 

3 Oba — ved t ee + eee) 

1 

SSCs ae ss Gs ae 

oe: — 
) 

Cs 

i! 

ies ) 


n= in (185), we obtain the following simple 


1 
F' ¢+ 40) = a oe eee = we) 
1 
F' (t+ two) = pa (Oe Poe on 
a 
Fie+ to) = = (—4tet+.. ..) 
0) i 1 (187) 
Fv (¢+ $o) = wt (d — ) 
f il 
FY ¢+ 30) = oe Seats ees), 


which determine the derivatives of #( 7’) at points midway between 


the tabular values of the function. It is important to observe that, 


* The coefficient of e, vanishes. 
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unless third differences are considerable, a close approximation to 
£" (t+4) is given by the simple expression 


Cay F,—F, 


Ww w 


TESA ee (1872) 
which differs from the exact formula only by the omission of the small 
quantity 
aie eee, = 
The formulae for the derivatives of /(t—nw) are deduced from 
(111a). Let us put, for brevity, 


6 =4@t0) , d =3@,+e% (188) 
and (llla@) becomes 


ES =F, = oe) Bb Cel De Bere ey. (189) 


—n 


Comparing this expression with the general formula (160), we find 
that a, B, y,6,¢...., in the latter, are replaced by a’, b, c,d, ¢,.... 
in (189); hence, observing these changes, and substituting the above 
ccrerminedavalues: Of 2.018. >. a ECs Of Gebel, in- the 


formulae (161), we obtain . 
1 ! 1)), n?_ on LS) all Ds IL \ Al 
Ff! (¢—nw) = re —(m—4)o+ 3 —$+ ys) e/—G —2 — te + ty) 
+ —frtst—rh)e—... - 
ve ow 
Fl (¢—nw) = (7 (ot) TG ht) Oe ee Ve ke . 
Ww 
F"¢—nw) = ES (—@—-pa+ ay age ee 4 (190) 
W 
lier ae oe 
FY (t—nw) = me —(n—F)e’+ . 
1 
FY ¢—nwo) = Se = 


o: _ Sepene.5 je) 76 


The values of B’, C’, D’, and EL’, as computed from the expres- 


slons 


Bi=n— 4 FO pl es (ee ge ! (191) 


nN 
6 ae 
= % —F+1s ’ =, — to ae — Tho 


118 THE THEORY AND PRACTICE OF INTERPOLATION. 


are given in Table VI with the argument x. By means of these co- 
efficients, values of ”(7’) are ‘readily computed from either one of 
the formulae 

F' (ttn) = = (a+ Biot Cle, + Did + Ele,) (192) 


F! (t—no) = LG Bee Cle! — Did+ Ele!) (193) 
@ 


in which the even differences are means, taken as indicated below : 


fi F(T) A! Al gi div dv 

pool ley ! d! 
a ere: (d) | e' 

t viv b, d, 
Qi (b) C1 (1) A 

Gaaiaeen F, b, d, 


Several examples will now be solved. 


ExampueE I.— Given the following table of natural sines : 


qe F(L)= sin T A! Ae Art div 
40 | 0.6427876 ae 
fo: 1068010004 eee Stel ase 
: 44 | 06946584 | 54001, | 8464 | ao | +12 

46 90,7193308 | aagqea | P8184) ogg nD 
48 | 0.7431448 | 4 Sogq9g | —9054 | 
50 | 0.7660444 | *““°** 

Let it be required to find #’(7') for Z'= 45°. 

Taking ¢ = 44°, we have 

o = 2 = = = 0.0349066 n = 4 


90 


Hence, using the first of (187), we find 


a, = +0.0246814 

Be a 12.5 

. of !, = +0,0246826.5 
F', = +0.707106 


Cy = —o00 ; 


The true value of this quantity is — 


F'(T) = cos T = cos 4b° = 0.707107 
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Hxamrie I.— From the preceding table, compute the value of 
ie elector l= AAO AR 

We take t= 44°; hence n = 0.40. Accordingly, from the second 
of (185), we obtain 


, b = —0.0008614 
Cte el 010) 80 Cle, = + 30 
DES = fo = = 02032.d)= + it Did = — 2 

oF! = —0.0008586 
Fil = —0.70465 
The actual value is— 
Fu(T) = —sinT = =sin44° 48" — ~0.70463 


ExampueE III.— The table below gives the Washington mean time 
of moon’s upper transit at the meridian of Washington : 


WaAsHInGTON Moon CuLMINATIONS. 


Date Mean Time ! qt iv 
1898 of Transit a a wes A 
h m m m m m 
Mar. 22 | 0 15.57 : 
Sete ool] fo | 20.86 
46.29 + 0.44 me 
AM elie 9 1.30 == (I), S35) 
e 47.59 + 0.06 2 
ZOE 84-88 48 95 1.36 0.30 0.36 
264 3°23.88 or 1.06 Saez S087 
Ze As 1S +50.40 ai 339) cee; 
Hier sy Beal . 


Before proposing an example from this ephemeris, it is proper to 
remark that the tabular function is the time of the moon’s arrival at 
a succession of meridians (in reality one fixed meridian) whose com- 
mon difference of longitude is 24 hours. The argument of the series 
is therefore the terrestrial longitude traversed by the moon, counted 
west from the Washington meridian: the interval of this argument is 
24 hours of longitude. 

Now, let D denote the difference in time of transit for I hour of 
longitude. This quantity is simply the first derivative of the tabular 
function: computed for the instant of transit at a meridian / hours 
west of Washington, the quantity D expresses the amount by which 
the local time of transit at the meridian 7+ 1 hours would exceed the 
local time of transit at the meridian / hours, supposing the rate of 
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retardation to remain constant between the two transits, and equal to 
what it is at the moment of the first. Thus, if D, is the value of D 
for the instant of transit at Washington on Mar. 24, the local time of 
moon’s transit at a station 20 minutes west of Washington is given 


with sufficient precision by the formula 
7 = Mar. 2441" 47.29 + 1 D, 
Now, by the first of equations (186), we find for the value of Dp, 


D, = Fit) = oy (47.59 —7224 3S — SF) = 17.954 


Oe 12 
Hence the preceding equation gives 
7 = Mar. 244 1” 47™.94 


In this manner the local time of transit is simply and accurately 
determined for any number of stations within half an hour of the 
Washington meridian. 

To find the local time of moon’s transit over a meridian 3 hours 
west of Washington, on the 24th day of March, we have only to in- 
terpolate the Washington time of transit between the tabular values 
for Mar. 24 and Mar. 25, as given above, the interval from the former 


being 
Bh 


syp = 0-125 


Finally, if it were required to compute the local time of transit 
for several stations whose longitudes range from 2} to 31 hours west 
of Washington, we should find the time for the 3 hour meridian by 
direct interpolation, as explained above. We should also compute 
D= F(T) for the same meridian; that is, for »==0.125) ‘Then 
the local time of transit at any adjacent meridian, whose longitude 
from Washington is 3+", is given by the simple formula 


A 
tT => 1+ 65 P 


where 7, is the time of transit at the 3 hour meridian. 


ExampLe IV — From the preceding ephemeris, compute the differ- 
enve mm time of transit for I hour of longitude (D) at the instant of 
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moon’s transit over the meridian of San Francisco, Mar. 25, 1898; the 
longitude from Washington being taken as 3" 1™ 30° = 3.025. 

Mere we use the formula (192) : thus, taking the coefficients from 
Table VI (with the argument n = 3.025 + 24 = 0.12604), and the differ- 


ences from the given ephemeris, we obtain 


Ve FES 
B' = —0.3740 eS SP Al Blob = — (0.453 
C! = +0.0282 C—O) OG = = OOS 
D! = +0.0692 d = —0.365 Did = — 0.025 
J oF! = 448.464 
se ges PT ee 4 SAGA D4 2019 
ExamMpPLtE V.— Use the above table of Moon Culminations to 


find the variation in D for 24 hours of longitude, at the instant of 
moon’s dower transit over the meridian of Washington, Mar. 24, 1898. 

The lower transit at Washington is evidently the wpper transit 
over the meridian 12 hours west. Hence, denoting the required vari- 
ation by V, and regarding 1 hour of longitude as the unit, we find by 
the second of (187), for ¢ = Mar. 24, 


V 


24F"(E+4+ 40) = =a (eres en 
0) 


I 


Jy (188-4 gp 0.87) = +0".059 


63. Interpolation of Functions by Means of their Tabular First 
Derivatives. — As already observed, it frequently happens that a table 
giving #’(7’) also contains the values of #’(7Z’) which correspond to 
the tabular functions. The object in thus tabulating the derivative is 
to facilitate the interpolation of intermediate values of (7). To 
derive the formula upon which this method is based, we consider the 
schedule below, where the differences are those of the series #”(7’): 


ih F(T) | F(T) | 1st Diff.| 2a 3d 


b= Te Vig J 
Soe) Be vi ma Py ie 
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We shall assume that the differences of (7) beyond 4” may be 
disregarded; hence the differences of #”(7’) beyond y may be neg- 
lected in the above schedule. Now, by Taytor’s Theorem, we have 


. nw? n° nit - 
F, = Fy + nof,!+ i Blt + re sa es Be By ore eee (194) 
Again, since 
dF! OF, ae Che dk 
He = dt ) TH —— de? p) E, — dé ) ete. , 


we obtain, by means of the formulae (175), 
1 B. ‘iv 
Ue fat ot PE eS ghee kas Bool a (195) 
in which we have put, for brevity, 
CaO Pay ey (196) 


Substituting these expressions for /,", 4”, and /," in (194), the 


latter becomes 


: nw nu niu 
i = f+ nok, + @ (a—Ly)+ ib B+ a ¥. 
which may be written 
Ff, = Kt nw (44 ga+ 2 By + ts n_1) 7) (197) 


By means of this formula we compute /, in terms of the differences 
of #’( 7’), instead of the differences of #’(Z’) direct, as in the usual 


formulae of interpolation. 
Substituting —n for n in (197), we have 
y= K—no(R—fe+ 9 R17) (198) 


The values of 


b= 4 er ea (199) 
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are given in Table VIII with the argument n. By means of these 
coefficients we readily compute 


P, = Fy4no (Flt $a+ BB, +Ty) (200) 
I = f,- nw (FP — 3 at BB,—Ty) (201) 


The coefficients in Table VIIT are not extended beyond n= 0.60, 
since by this method it is invariably more convenient to proceed from 


the nearest function F,. 


EXAMPLE.— From the American Ephemeris for 1898 we take the 
heliocentric longitude of Mercury, together with the daily motion in 
longitude, for a portion of the month of October. The differences of 
the daily motion are then taken, as shown below : 


er eae of Daily Motion a B y 6 
° / Y ° ji W / YW / Wt UY " 
Ores, iL aes ak eS | Ab DP SL 7 00 
TSS Ua AIL sO) Nh BS ASS Beals 12 175 Spb dees oe A 
TOMI Oesoo eo oO 16.8 10 40.4 i Sie 61 == 
L998 10613 25-364. 9 94 iL Bl) eee = 1-3 
19 | 205 49 59.6 | 3 16 27.0 7 458 rik BRAG : 
ZA 21D AA See S42 |= a ; 


Let it be required to find the heliocentric longitude of Mercury 
for the date Oct. 15° 14° 24™.0. 
Here we have 


Pome Oet™ 15% Eas Oct 16% 14® 24.0 = Oct..15*.60 
Ooo fey eel t= =),09.60 nm = 0.30 


Hence, using Table VIII, in connection with (200), we obtain 


F = 192 6 33.3 ie Pees 80168 
n — +015 @-= 11- 28.95 Resa al een 
B = +0.0150 Ri 1 BT BB, = + 1.46 
Tee 00259 pea 0 ABTS Py = + 0.14 
Pee OU, eset 4a oo. 00 
Whence 


T= Pre 2 == 194" 15! 138/23 
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Differencing the given series of longitudes and applying BrssEt’s 


Formula of interpolation, we find 
F, = 194° 15! 181.2 


64. Application of the Preceding Method of Interpolation when 
the Second Differences of the Series F(T) are Nearly Constant. — 
When the 3d and 4th differences of (7) are small enough to be 
neglected, we may omit the terms containing 6, and y in the formulae 
(197) and (198): we therefore obtain 


FF, = Fit no (Ff! +3 @) (202) 
FL, = F,— no (fF —-$@) (203) 


It will be interesting to determine the error of these approximate 
formulae as applied when the 5d differences of #’(7’) are appreciable. 
For this purpose we write (197) in the form 


F, = Fit no(F+$0)+% of, + G—f) oy 


Hence, if we disregard 4th differences of #”(7Z'), and thus neglect 
y, it follows that the error in question is — 


e = +2 of, (204) 


Now, from (175), we have 


Rees One en 
F (¢) hie he 

also, from (195), 

Ful (t) — a 
‘Whence 

wBy = = Alt (205) 
and (204) becomes 

e= tn qi (206) 


Since in practice the maximum value of 7 is 0.50, it follows that 
the maximum error resulting from an application of the formulae (202) 
and (203), when 3d differences of (7) are sensible, is ~; 4’. Hence, 
even when third differences are considerable, these formulae are suf- 
ficiently accurate for many purposes. 


THE THEORY AND PRACTICE OF INTERPOLATION. 125 


That the formulae (202) and (203) are rigorously true when the 
3d differences of #(7’) are zero may be clearly shown from geo- 
metrical considerations, as follows : 

The 2d differences of #(7’) being supposed constant, it follows 
from Theorem VI that the function is necessarily of the form 


INS SO rea Bien it od A a (207) 


Now, if in the accompanying figure we draw the rectangular co- 
ordinate axes OT' and OY, and plot the curve defined analytically by 
(207) (regarding y= F(T) as the ordinate corresponding to the 
abscissa 7’), it is evident that we obtain a parabola whose axis is 
parallel to OY. 


Let us now take 


Bye 
OM = t¢t 
OS = ttaoa 7 
ON = t+ nw 
‘Whence 

MN = nw 
BO a 
NQ = PGtne) =f, 

MK ON S T 


Draw the tangents PA, QL; also, draw PD || QZ and PB || MN. 


dF 
Then, denoting 77 by /,, we have 


F! = tan APB 


0 


Sia atm ATN OL) Lea 
Hence we find 


NA = MP + PBtan APB = F,+ noF) 
ND = MP+PBtanDPB = F,+ noF! 


It is therefore evident that to find VQ — F,,, which lies between 
NA and ND, we must employ a value of #” somewhere between the 
values F’, and £7. Now, let AH be the ordinate erected at the mid- 


dle point of MN, and #7 the tangent at #. Then, by an elementary 
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theorem of the parabola, the chord PQ is parallel to HH, and we 
have, therefore, 


Vier 


, = NQ = MP+ PBtan QPB = F,+ noF! (208) 


which agrees with the formula (202). 

We have shown above that the maximum error produced by apply- 
ing this formula when the second differences of ’(7’) are not constant, 
is ,, 4’. Hence, unless the 2d differences of #”( 7’) are considerable, 
we may compute #’, by the following 


Rute: Hind by simple interpolation the value of the tabular 
derivative which belongs midway between the required function and the 
nearest tabular function (F,); multiply this quantity (F:) by the units 


contained in the entire interval (T—t), and apply the product to F,. 


Exampe I.— Given the following ephemeris of the moon’s decli- 
nation (6): compute the value for the date July 9° 5" 18™.0. 


Moon’s Deel. 


Diff. for 


1898 5 1 Minute 4 B 
d omnes 7 7 7 
duly 9. 1 | #6 2141 | 18.876 0.144 
9 4 6 43 39.0 13.732 0.150 —.006 
ae 7 24 37.4 13.582 0.160 —.010 
July910/} +8 5 8.0 |:+13.422 | —°: 
Here w= 3" = 180"; hence, taking: ¢= July 974°, we find 
(= n 
ee =— = 2 
n= Go, = 0.433 5 = 0.217 


Accordingly, the value of #” interpolated for half the interval, or 39 
minutes, is — 


F, = Fi + 3a = 13.732 — 0.217 X 0.147 = 137.700 


Whence we obtain 
5 = 6° 43) 39" 0 7S KAS a eG 
Since the value of is nearly one-half, we may interpolate back- 
wards from July 9° 7 with equal facility: thus we find 
n = 0.567 #& = 0.283 


= Fla = 137,582 +.0.283 K 0.155." = 13.626 
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‘Whence 
Oo 1 2A Oi — 102 KASM626 = 7? 1 27'655 


which substantially agrees with the above result. 


ExampLe IJ.—From the following table of the moon’s horizontal 
parallax (7), interpolate the value for July 10° 16" 24™.0. 


Date Moon’s Hor.| Diff. for is 
1898 Parallax 1 Hour 
a / y es y 
July 10.0 56 261 OA 
105-1756 95 1.89 aoe 
11.0 55 40.7 Lee +018 
11.5 bys) lal S155 . 
Here we have 
T= July 10°167.40 t = July 10% 12".00 
h 
w = 12 hours n= a = 0.367 Peo 
We therefore obtain 
Fr = —1'.89 +0183 « 0.16 = —1'.86 


n. 
z= 


a w= 06! 2/5 — 4.4% 1.86 = 5d! 54113 


Interpolating backwards from July 11° 0", we find 


mo 00 AQUOS = 5! oA! 2 


65. Choice of Formulae in a Given Case.— When derivatives 
are required to be computed at or near either the beginning or the 
end of a tabular series, the formulae derived from NErwton’s Formula 
of interpolation must necessarily be employed. In all other cases, the 
choice lies between StTrRLINe’s and BrEssEL’s forms, and should be 
decided by the value of n. When n= 0, the formulae (175) are un- 
questionably the best. When n=, the group (187) is especially 
convenient. As a general rule, subject to change in certain cases, it 
may be stated that when n lies between the limits 0.25 and 0.75, the 
formulae derived from Brssev’s Formula of interpolation will be found 
most convenient: for other values of n, those derived from StTrRLING@’s 


Formula should be employed. 
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EXAMPLES, 


1. Given the following table of “Latitude Reduction” : 


2 g—p¢! g g—¢! 
"i fe} / Vv 
0 10-0001 15 NS 4432 
5 | 159.531 20 | 7 22.80 
10 |3 55.47 | 25 | 8 47.93 


Compute the variation of 9—9' corresponding to a change of 10’ 
in 9, for each of the tabular values of the argument. Denote this 
variation by v. 


2. From the preceding table, find the change in v corresponding 
to a change of one degree in 9, for » = 9° 30’; also for » = 22° 42’, 


3. The table below contains the obliquity of the ecliptic (e) for 
every fifth century. 


Year, A.D. € 


0 | 23 41 43.78 


500 387 57.97 
1000 34 8.07 
1500 30 15.43 


2000 23 26 21.41 


Compute the variation of « per century (¢) for the years 750 and 
1250. 


4. From the table of « in Example 3, find the variation of € per 
century, for the years 0 and 2000; ¢ denoting the change in ¢ for 1 
century. 


5. Given the logarithm of the earth’s radius vector (log R) for 
the following dates : 
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Date > 72 Dat 
1898 los 1398 10g 
Dee. 15 | 9.9930137 | Dec. 24 | 9.9927353 
18 | 9.9929025 27 | 9.9926858 
21 | 9.9928085 30 | 9.9926619 


Compute the hourly change in log FR for the dates Dec. 18° 0°, 
Dee. 22° 12", and Dec. 26" 17". Denote the hourly change by p. 


6. From the preceding ephemeris of log R, find the daily vari- 
ation of p for the dates Dec. 15¢ 0", Dec, 24" 0", and Dec. 26% 10". 


7. The following table gives the right-ascension of Mercury, 
together with the hourly difference, for several alternate days of De- 
cember, 1898 : 


Date ass Diff. for 
1898 R.A. of Mercury eile 


18 1 2:54 | +12°855 


Dee. 1 
3 | 18 10 50.60 Ade Osi 
5 | 18 19 28.46 9.915 
CAMS FO Ge sr 7.749 
9 


18731 4849 |) ==. 5.009 


Compute, by the formulae (200) and (201), the R.A. of Mercury 
for the dates Dec. 4° 14° 22™.0 and Dec. 5¢ 12" 30™.0. Check the 
results by direct interpolation from the tabular right-ascensions. 


8. Given the following ephemeris of the moon’s right-ascension : 


Date Moon’s Diff. for 
1898 Right-Ascension; 1 Minute 

h h m 8 8 
Apr.8 1 | 14'27°33.52 | 2.4508 
8 4) 14 34 56.35 | 2 4694 
8 7 | 14 42 22.48 | 2.4876 
8 10 | 14 49 51.86 | 2.5054 


By the process stated in the rule of §64, compute the moon’s 
R.A. for the dates Apr. 8° 3" 0™; 4" 54™; 5° 30™; and Apr. 8° 7° 36™. 


CHAPTER IV. 
OF MECHANICAL QUADRATURE. 


66. We have shown in the preceding chapter that when a series 
of equidistant values of any function are known, it is possible to com- 
pute special values of the first and higher derivatives of that function, 
without regard to its analytical form. We shall now consider the in- 
verse problem, namely: From a series of tabular values of F(T), to 
Jind 


X =f P(2yar 
T’ 


where the limits T” and T” are numerically assigned. 

The solution of this important problem is effected by integrating 
the expression for /(¢+no), as given by any one of the several 
formulae of interpolation, and then giving to m the limiting values 
which correspond to Z” and 7.” The method is wholly independent 
of the analytical form of the function #(7Z’). It is therefore of 
especial advantage and importance in the following cases: 

(a) When the function is analytically unknown. 'This is the case 
with graphical records of continuous observations, so frequently made 
in physical experiments and tests. As a common example we mention 
the indicator diagrams of a steam engine. It is usually required to 
find the area comprised between the “pressure” curve, a fixed base 
line, and two extreme ordinates. This area may be found, in the 
generality of cases, by the method proposed. 

(b) When the function is analytically known, but ts non-inte- 
grable. Under this head are included the most important applications 
of the method in question. For example, let it be required to find 


52° 
3G = ears — 
V1i—e* sin? 7 

20° 


where e is numerically given. We cannot express the indefinite inte- 
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gral in finite form. If ¢ is sufficiently small (say e = 0.1), we may 
expand (1—e’sin?7’)+ in a series of ascending powers of é sin? 7, 
and integrate each term of this expansion separately: a very few 
terms will then suffice to compute X as accurately as may be required. 
If, however, the quantity e is nearly equal to unity (say e = 0.9), this 
series does not converge with sufficient rapidity for practical use, and 
hence the method of expansion fails. 

On the other hand, given any value of ¢ not exceeding unity, we 
can readily tabulate (7) = (1—e’sin?7’)-++ for a series of values 
such as 7’ = 20°, 24°, 28°, ... . 52°. Having differenced these values 
of #, it is then a simple matter to compute X from the numerical 
data thus furnished. In the nature of the case, however, the process 
must, in general, be an approximative one; depending, as does the 
method of interpolation, upon a limited number of (usually approxi- 
mate) values of the function in question. 

The process by which the definite integral of a function is com- 
puted from a series of numerical values of that function, is called 
mechanical quadrature, or numerical integration. We proceed to de- 
velop the formulae which are commonly employed for this purpose. 

67. Quadrature as Based upon Newton’s Formula of Interpo- 
lation.— Suppose that ¢+-1 values of #(7') have been tabulated and 
differenced as shown in the schedule below : 


T F(T) Al Au gu Aiv Av 
Aas 
A! 
i ae w £, A! Ae Atl i. 
t+ 2w Jap AS Af Ai A A 
: 7 ; j . / ae ie 

t+ (i—2)o Tyee AM. Ail, AM! 4S, 
tt (t—1)o Ls Hite Ay vi 
t + tw ds, ee 


Let it be required to find from this table the value of 


Xe le F(D) aT (209) 
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Since 
" T—t+t+no 210 
ee ex. Fy nye Ce. 
and therefore 
tha i 
x = (F7) aT = of F(t+n) dn (211) 
t 0 


Now, by Newron’s Formula, we have 
F(ttno) = F,+ nd! + BA + 04+ Dae +. . 


where B,C, D,.... denote the binomial coefficients of the nth 
order. Multiplying by dn, and integrating, we obtain 


{FG tne) dn = (Fytnd!t+ BAY + CASES ois onan 


or 
[F@+n0) dn = nh +2 AstAl (Bint 4" | Cdnt ....+M (212) 


where M is the constant of integration. If, for brevity, we put 
1 1 1 
B={Bin , y= fed , $= (Din, .... (213) 
0 0 0 : 
then, from the preceding equation, we derive 
[FOtna)dn = F+hal + BA! + yA + 84+... (214) 
0 
Whence we obtain, in succession, 
2 1 
[Berney an = (Fe +otne)dn — F+4A!+BAl+y4,"+ 
1 0 


23 1 
[PF @tne) dn = cf F(t+2o+nw)dn = F,+4A,'+ BA, + y4l"+ 
2 0 


G ant = 
[F@+no) dn =} F(tt+izlotno)dn = F,ttA,+ BA ytyAyt . 
i-1 0 


Summing the integrals expressed in (214) and (215), we find 


r=i—l 


. r=i-—l1 r=i-1l r=t—l 
[Pe +n0) dn= > F+4 > 4/t8 > 4lty DS ae... (216) 
r=0 r=0 


r=0 r=0 


The numerical values of £B, y, 6,.... (sometimes called the 
coefficients of quadrature) must now be determined. ‘These may be 
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found directly by integrating the expressions for B, C, D,...., 
as expanded in (163), and then taking the limits of n according to 
(213). But the following indirect method seems preferable, since it 
adds a significance to the result. Let us put 


Q =[(1ty)ran = (tay + By+ CUP yae 2 1. Gast) OF (217) 


where y is supposed constant. Then, if we also put 


af 
Q! =f Utyran 
we shall have 
OMe Vtea yey iy er OY ep (yo ee 5. oa. (218) 
the coefficients being those defined in (213). 


Again, put 
Caeg)> ke (219) 
that is 
nlog(ity) = logz 
and we find 


loos)". dares S 


or 
dz 


zdn — log (1+ y) 


We therefore obtain 


dz z (ergy 
= Ke = 2 = = => —— ie 
Q =f{a+ty) dn fran Siz (aa ees + const rerey + cons 


Whence 


1 Clary | = y 
ie sary dn = |togdty)|,-0 ~ logy) 
y CS et ee i a 
Gor te =(1 ee pany es te 
2 3 Mes 


Expanding the last expression by the Binomial Theorem, or by 


direct division, we obtain 


3 ¢ 4 : 5 Bue BMS 
OW =14+ty—eV tky— Toy treoy —shlio yt - e - (221) 


Whence, comparing (218) and (221), we find 


p= — € = + 185 
es 1 f= —xh%5 (222) 
8 => — 75 ee ae OA EG 
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which are the numerical values of the coefficients of formula (216). 
It therefore appears that the fundamental coefficients of quadrature are 
those in the expansion of [log (1+-y) ]7~’. 

Let us now regard the functions Fy), #1, #2,.... F; as first 
differences of an auxiliary functional series which we shall designate 
'F. A schedule containing the new series may be conveniently arranged 


as follows: 


ih upg 19{ 8) A! Al AW 
\F 
0 
t a F, > 
t+ i F, ee A,!! Pi 
t+ 2w | , A," ‘ 
LF, : 
: FP Al : Al 
Ba oa eal \peoteatig D pa es ee ee aes 
‘F, A'4 ; 
t + iw F, y 
ae 


The value of ‘Ff, is entirely arbitrary. Having assigned a con- 
venient value to this quantity, the remaining terms in the series are 
readily formed by successive additions, thus: 

i ea i wae Pee a Me Pl gee LP ee ee, 


) ote Sort a. ) 


We shall now put the second member of (216) under a form 
more convenient for computation. By Theorem I, we have 


r=t—1 


Bee SFR RP. OR, = Rae 

eon 

> 4! 2Al+Ait+4! +... .4+4 = F-F, 

= 

Sia SANtAM+A! +... . td = Apa ee 
SEAS 

Ss ANS AM+AMHAM+ . 6. . FAM, = As — A," 


r=0 


and hence (216) becomes 


[Fetne)dn = (F-') +4(R—F) + B(AI—4,!) 
+ y(As—Ay!) + 8(AL— AN) + (48a +. (224) 
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This formula possesses | the disadvantage of involving differences 


Aj, 4,', A!",. . . . which are not furnished by the foregoing schedule. 
To obviate this difficulty, we proceed as follows: 
Put 
qg ='F FER + BAS t+ yal +8 bea + layt..., (225) 


and (224) may then be written 
[Pete Cpa CP Ee Bt pala) POA ae Ae) (226) 


Upon giving to n, in formula (75), the values +1, 0, —1, —2 
—3, —4,.... 


? 
, successively, we obtain 


a Me eA ie Ts 
oS AS te Dot Sed Aye a, (227) 
aces ASA GAN ctor. coe 


AY = AP A OE 


If these expressions be substituted in (225), we shall have g in 
terms of the known tabular differences, and hence obtain the required 
integral from (226). To avoid the labor of numerical reduction inci- 
dent to this substitution, we derive the result in the following indirect 
manner: Put 


alt 
errrapiaa pie Ue he Ve ae ay ek rer ees (228) 
Also, take 
neg 299 
is bey ( ) 
and we have 
et=utd—uv) = uwi—w 
2 = u° 
e =ud—we= utvt WESIP WE SP WPSP 6-5 6 & 
Pas (Lh) Pde Sura te eS (230) 
go = wr Lu) 2 = WP OU a OUP ae 8. 
gt == ua (L—a)* = OP aP4P AP. 


s 


136 THE THEORY AND PRACTICE OF INTERPOLATION. 


If now we substitute these expressions for a, #°, w, @,.... 
in the second member of (228), we obtain @ in terms of uw, w°, u,w,.. . - 
But it will be observed that this operation is identical in algebraic 
form with the substitution above proposed with respect to (227) and 
(225); for the @ operation involves the quantities 


. cel: 0 2 8 . —1 0 2 8 . 
OF a hy gee, ce ha a. ag Wh gta Mana. Meyer eames 


while the g operation involves, in precisely the same algebraic relations, 
the quantities . 


. / / // I} . / / i IT 
i) f;, Le A}, A, » 4, ; atl aa OD) Fisis Fi, 5 Mes A) Ais) + & 


v 


Hence the result for g will immediately follow when the result for 6 
has been derived. But we may obtain @ as a function of u, in the 


form required, more simply than by direct substitution of the expres- 
sions (230) in (228). For, by (229), we have 


1 
th a Ss, 
whence 
log (1+a) = —log (1—w) (231) 
Therefore, by (228), we find 
Oo Sloe = — eee, = ut—stuot Bu— yu? + du?— eutt+ Cue — (232) 
log (1+2) log (1—w) S Y * SES - 


Accordingly, writing q for 0, ‘f,,, for wu, 7; for u*, 4°, for u, ete., 
as justified by the preceding reasoning, we obtain 


gq =F, — te + p74, + ea ee ee (233) 


Substituting this value of g in (226), and grouping like terms, 
we get : 
[Be tne) dn = (Wy) — FEAR) + B44) 
— (Ag+ Ay!) + 8 (A, —Ay") — (AHA +. (284) 


Whence, restoring the values of £, y, 6,... 
(222), and applying (211), we have 


ttiw i 
{FO) dT = 0 { F (¢+n0) dn 
t 0 
= wi (Fi!) —t hth) — (4-4) — ok ve Ni 8s FL 


+ tes (44 —4)!") — r80 (Ft) — shts 4-4.) —. . . 3 (235) 


-, a8 given in 
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When the tabulation of the function extends beyond the value 
F,, it is sometimes more convenient to employ the following formula, 
easily obtained from (224) : | 


+iW a 
{FO ar = o [P(et+ne) dn 
t 0 
=o} — f+ at) — gs (4/—4,/) + os 4-4") 
Se eg ees i ag) oe eS (236) 


We here emphasize the fact that the value of 'F. is wholly arbi- 
trary. . 


68. As an example in the use of formula (235), let it be required 
to find* 
Le Cos Tat 


using six places of decimals. 

The first consideration concerns the tabular interval to be em- 
ployed. It is desirable to tabulate as few values of the function as 
are consistent with a convenient schedule of differences. In all cases 
the differences should sensibly vanish beyond the third or fourth order. 
Adopting » = 4° as a suitable interval in the present instance, we 
obtain the following table of #”(7') = cos7': 


T ip |F(T)=cosT| A! au qm div 
OO eee) | 9.989608 |... 
0.939693 _ 26148 
o4 0.913545 148 | _ 4449 
24 | 1853938 30597 449 | 4146 
28 0.882948 4303 +96 
2.736186 34900 172 6 
polis 0.848048 4131 17 
3.584234 39031 eto ee 
36 0.809017 3 so42 | , 4 499 
4.393251 | 28 42973 42 | 4 ony 
40 0.766044 _ 3731 
ie eos Pere eel oar 
5.873635 | ° 


Taking ¢— 20°, and assuming the arbitrary quantity “/,— 0, we 
complete the column ‘/” by successive additions. Whence, by (235), 


we find 


* In selecting examples of numerical integration for the present chapter, we have in most cases 
chosen for F(T’) some simple, integrable function, whose tabular values are readily taken or formed 
from various tables in common use. By such selection we gain in simplicity, while losing little or 
nothing of generality ; and, moreover, from thus knowing a priori the true value of the integral 
sought, we are at once informed as to the final accuracy of each application. 
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(i = 6) Fo —'F = +5.878635 
F, +F, = +1.659033 —~ 4(F, + F ) = —0.829516.5 
A,! —4,) = — 20556 = (AA ee 0) 
A! +4," = — 8180 = (A!) ee 340.8 
A,!!—A," == ++ 65 aes Pfs (Ag!l! — A,!"") ee 719 
As +4 = + 48 — +3,(4." + 43") = - 0.9 
log S = 0.703392 sum, © = +5.051170 
logw = 8.843937 @ =) A a 
log X¥ = 9.547329 NX ee OIE IOS S 


Since ii cos TdT = sin T, we find for the true value of the defi- 
nite integral, 
A = sin4d° — sin 20° 
= 0.694658 — 0.342020 = 0.352638 


If it be required to compute 


28° 
= X =|cos TdT 


20° 


from the foregoing table, formula (236) at once serves the purpose. 
Thus we obtain 


(i = 2) 'F, —'F = +1.853288 
| nd ere yet: 14 (ES ys ess 
le A oe BTS =a (A! = Ate ee 
BE xe All rate BIR Rap ey Mere ee 13.3 
Ae pees a 43 —725(4,/""— Ay) es i heed 

ZS = +1.825607 
X= 0.127451 


Here the true value evidently is — 
X = sin 28° —sin 20° = 0.127451 


69. Precepts for Computing the Definite Integral when One or 
Both Limits Fail to Coincide with some Tabular Value of the Argu- 
ment T’.—'Thus far we have considered the limits of the integral 


eT" 
X={fRr(L)ar 
TT’ 


to be of the form 


Th = E+ ie Soke FT ee Pees 


7 “// : . 
where 7 and 7” are integers, and hence 7’ and 7” are two particular 
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values of J’ for which #’(7’) has been tabulated. We shall now con- 
sider the more general problem of finding X when the limits have 
the form 


Tria ee aE tel 


where n’ and n” are non-integers — that is, either proper fractions or 
mixed numbers. 

To illustrate the significance of the problem in question, suppose 
it were required to find by mechanical quadrature the value of 


Obviously, it would be impracticable to tabulate the function 
for a series of equidistant values of 7, of which TZ’ = 21° 13 37” 
and J” = 42° 46° 54” are two particular terms. We may, however, 
employ the same table as was used in the preceding examples, con- 
structed for J = 20°, 24°, 28°, ... . 44°, and obtain the required 
result by interpolation. Thus, in the examples just mentioned, we 
have computed the values of X from the lower limit J’ — 20° to 
the upper limits 7” = 44° and 28°, respectively. In like manner, 
keeping the lower limit always = 20°, we may find the integral cor- 
responding to each of the following values of the upper limit, viz.: 


T= ZN 24", 28", 3 = 44°, respectively ; 


that is, for each of the tabular values of 7. Then, having differenced 
the resulting values of the integral, we may readily find by ¢nter- 
polation the values which correspond to the upper limits 21° 13’ 37” 
and 42° 46’ 54”. Denoting these interpolated values by X’ and X” 
respectively, we have 


21° 13/ 37” 42° 46/-54/7 
X! = f ‘cos TUT x" = f cos TUT 
20° 20° 
and therefore 
42° 46! 54!" 
A= Postar = X"— 2X! 
ZL SCR 
We leave the detailed solution of this example to the student as 
a valuable exercise, exhibiting the spirit of the method employed in 
problems of this type. ‘The process actually used differs somewhat in 
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form from the method here explained; but the principle remains the 
same. We proceed to develop the general formulae. 
70. Let us put 
lie f "F(t+no) dn (237) 
and 
Wi) =F FER + BA + ya! +84" +4 +... (238) 


where ¢ denotes an integer. Then (224) becomes 
I, = ¥(i) —¥(0) (239) 
Let us now suppose that (239) has been computed for 7 = 0, 1, 
2, 3, 4,...., in succession. Then, from the series of values 


I, = ¥(0)—¥(0) 
¥ (1) — ¥(0) 
v (2) — ¥(0) 


WN 
I 


(240) 


mS 
I 


thus determined, it is evident that any intermediate value, say [,, can 
be found by interpolation. To derive a general formula for this pur- 
pose, we must express the differences of the series (240). Now, by 
(238), we have 

U(0) = (F+4ER, + BAS t+ yA + 84 + At. ; 

(1) = FFE B+ BA + yA" + oa teavt.... 

U(2) = /FLFEP,+ BAI + yA + 8alited te... Cols, 


whence, observing the general relation 
AQ, — AP = Aer 


we derive the following schedule of differences : 


Function 1st Differences 2d Differences 3d Differences 


Zn = ¥(0) — ¥(0) 
1, = ¥(1)—¥(0) 
I, = ¥(2)—(0) 
I, = ¥(3) —¥(0) 


oe ee 5) te) «te eet aD ee 
Cia 8 #8! ®) 4, ie "e. Se) ey tee, wale 


Fit+4A/+ BA! +yAM+... 
BAA! + BAN + yA +... 


Ad SA Be eee AUEAA HWE 
Fes! + pas Sy o. ' j ‘ = 


AS TEANA BAMA. 
Aa ad te, ete Cone. 


ee 6p ie 6S) eerie (es 0). 01.50) Le. 1, We Ua) e! fee 
Ce ne ee i ee eh tory oioeey Geer ae 


Therefore, applying Newron’s Formula of interpolation, we have 
I, = I, +n(ist Diff.) + B(2d Diff) + C(3d Diff) +... . 
= ¥(0) —¥(0) + 2th Alt+BAltyAl+. 2.2) 

+ BA! +4 A+ BA + . -)+O(AU+EAMA. EDA. EL, 
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By transposing the term — (0) to the first member, and substi- 


tuting for ¥(0) in the second member the expression given by (241), 
we find 


L+ V0) = (FALE H+BA+ yA +8A"+. 2. 2) 
+n (PALA! +BAN+yA M+... 
+ B(Alt+EAN + BAM. .)FO(AMHEAMHE . .)ED(AMH. . J+... 


Upon arranging the last expression according to the coefficients 
et by yy, 05-6 . a it becomes 


I, +0) = (F,+ nF, t+BA/+CAN+DAM+. 2. 0) 
+4 (B+ nAJtBAN+CAI+ . ) 
+B (A+ d+ BAM+. . . 2) 
+y(AltnAl+....) 
+3(Al/+. 2.) 

+, 


Now, it will be observed that the first polynomial in the second 
member of this equation is simply the expression for ‘/’,,— the quantity 
derived from the series ‘PF, 'F,, ‘F.,.... by interpolation. Simi- 
larly, the remaining parentheses contain the expressions for #,, 4’, 4n’, 

. , likewise derived by interpolation from their respective series. 
We therefore have 


L,+¥(0) =/F,+4EF, + BA, + 4+ 84+... = Yn) (242) 
‘Whence 
ei) F(tt+nw)dn = L, = ¥(n) —¥(0) (243) 
0 


71. In like manner, if we put 
OO) = hi —sl, + p41 —y4iat oe. kl. (244) 


then, by (234), we have 
L = [F(ttno) dn = 9(s) — ¥(0) 


Therefore, by interpolation (reasoning precisely as above), we 
obtain 


if F(t+nw)dn = g(n) —¥ (0) (245) 
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Again, writing »’ for the upper limit » in (248), and n” for n 
in (245), we get 
[F(tn0) dn = ¥(n)—¥ 0), [FOtn)dn = on!) —¥0) 
the difference of which gives 
F(ttno)dn = g(n!) — ¥(n!) (246) 


nv 


Upon substituting in equations (243) and (245) the expressions 
for VW and 9 as given by (288) and (244), and restoring the numeri- 
cal values of B, y, 8,....- from (222), we obtain 


{FQ ar = 0 { F¢+ne) dn 
t 0 


= of (F,—'Fy) + 2 (Fi — Fy) tg (An — 0) + oy (Fu! — Ap") 
ao 720 (A — A") a téo (ay =f) sease (4 Ay) Spin Meiane. pe ; (247) 
[FD aT = wf P(e+ne) dn 
SP a Mee) Ae UC Ret ieee aC ey” ye a Lae 7 
— Fes Ails— 40!) — 180 (Fiat 40") — 58880 (Fis -4t)— + + +e $248) 
In like manner, we derive from (246), 
FD) at = of F(ttne) dn 
ve 0§ Fy! F At (Fa + fi) — Ps (A — 4) — he (4g tA") 
— ty (Ais — 40) — 180 Aa tA) — abba (4-4) — » » - } (249) 


In these formulae the quantities n, n’ and n” are either proper 
fractions or mixed numbers; while the value of '/, is wholly arbi- 
trary. 

It frequently happens that we have to compute 


4a 
X= {F(D)ar 


for several different values of 7’; the lower limit remaining fixed and 
equal to ¢ In such cases it is convenient to determine the arbitrary 
quantity “#,, in (247) and (248), such that the sum of the terms 
haying the subscript zero will vanish. Accordingly, we may arrange 
these formulae as follows : 
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Take 
By = —$Fyt pe Ay! —gy Ad! + iy A!" — 
Then — 


(a) When the upper limit falls near the beginning or 
middle of the tabular series, find 


tt+nw n 
[Far = 0 { F(e+ ne) dn (250) 
t 0 
= o(/ FF, a 2 f= Ty a+ 24 Foe ci ie ro An —e6i to ay Sas PO igen? ) 
(6) When the upper limit falls near the end of the series, 
find 
t+nw n 
fryer = vf P(t+no)dn 
t 0 
= OCLs gels — Bg — Poo 4h ns — 130 4 Sees en 4s ) 


EXxame.e I.— Let it be required to find 


0.58054 
= 10aT 
Ver?) 
0.427387 


Here we adopt the interval «0.02, and proceed to form a table 
for 7’ = 0.42, 0.44, 0.46,....0.54. Instead of tabulating the given 
function, it is more expedient to tabulate w times this quantity. All 
differences are thus multiplied by the same factor, and hence the final 
multiplication by » is avoided. We therefore compute 


10 0.2 


ee ran Se 


for the values of 7 given above. The result is as follows: 


0.2 
I ST Al Al Al Aiv 
T Fo IF) = Sa 

0.42 | Oey | 0.40520 = 
0.405220 — 2308 . 

0.44 0.402912 Pe TEROS2: l= 
0.808132 1626 =92 

0.46 0.401286 6 | 660 +8 
1.209418 : 966 14 

OAS ie 0.400320 OG | 646 8 
1.609738 — 320 Zee: 

0.50 0.400000 640 +12 
2.009738 ? + 320 + 6 

0.52 1.400320 +646 

i 00S NRG crisp ee |r: 288 

4 | 9 811344 
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The computation is now readily effected by formula (249). Taking 
t= 0.42, we make ‘7,=0, and complete the auxiliary series “F’. 
For the values of n’ and »”, we have 


0.42737 —0.42 
fo Be 
0.02 = 0.3685 
0.53054 —0.42 
it a ee Tease 
i — 0.02 = 5.5270 = 6 0.4730 


Whence, interpolating by Newron’s Formula, we obtain 


IF, = +0.149636.4 Fi, = +2.621373.8 
F, = +0.404288 F,, = +0.400748 
A eS OO5E Any = + 659 
Mt = + 673 Al, = # ~ 642 
7 a 19 All. 0 


Accordingly, by (249), we find 


(Pyyy—'Fy) = +2.471787.4 


F, +F, = +0.805036 peas AS oe, ian = —0.402518.0 
Mge = te tae 2748 — 7 (4 ‘wrt A) = — 226.1 
Aig tay = te. ASSIS =f (41,4 tA Se 54.8 
KO eh et 19 P(N A) tee 0.5 


. A = 12008938 


To verify this result, we observe that 


Cal 
Sa ee i | 7, 
SS i CSET 
and therefore 


X = 20 (sin V 0.53054 — sin- V 0.42787) 
20 (168303”.25 — 146965”.80) sin1” = 2.068938 


Exampece II. — Let it be required to evaluate, by mechanical 
quadratures, the integrals 


’ 8.2 r 4.8 11.6 
x, =(orur ; x%,=(6orur ; and X, = (G0rear 
2 2 2 


Here we tabulate w times the given function for JZ’ = 2, 4, 6, 8, 
10, 12; thus we obtain the following table of #(7') = 1207": 
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T iF F(T) =120T? A! A" au 
a ON 
2 960 
nes 
Mee Gy 76so | +9729 | 444590 
8392 18240 = +5760 
6 25920 = 17280 re 
84312 385520 5760 
8 61440 23040 
95752 58560 +5760 
10 215752 120000 + 28800 
19 1o2 207360 + 87360 
+423112 


The several values of X here required are conveniently computed 
by the formulae (250). Thus (assuming t= 2) the first step is to 
determine ‘/’,, the computation of which is as follows: 


F, = + 960 POMS) he hee ee. () 
A = + 6720 + ts I, = +560 
A! = +11520 ei 180 
Ai! = + 5760 + Ap, Mi = +152 
Pe 248 
The column ‘/ is now completed by successive additions of the 


functions #’, as shown in the table above. 
(1) To find X,: Here we have 


With this value of n we readily find ‘Ff, F,, 4,, 4, and 4,’ by in- 
terpolation, employing Nrwron’s Formula; whence -X, is computed 
by formula (a) of (250). 


The results are given below: 


(Ss OG 816 
F, = + 3932.16 +4F, = +1966.080 
M', = +12940.8 — 4’, = —1078.400 
Al! = +14976.0 +924, = + 624.000 
Ai!’ = + 5760.0 —ysd,’ = — 152.000 

X, = +1332.864 


All of the quantities above are mathematically exact, and hence 
the result may be rigorously compared with the known value of the 
integral: thus, since 

foorear = 157 
we have 
X, = 15(8.2*— 2%) = 1332.864 


which is identical with the foregoing result. 
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(2) To find X,: We use the same formula as before, the value 


of » in this case being 


or an interval of 0.40 counted forward from the quantities ‘/’,, /,, 
A, 4,", and 4,”. Accordingly we find 


P= +2461.504 
F, = +13271.04 + 4F, = +6635.520 
A', = +24460.8 — ys 4', = —2038.400 
A! = +19584.0 + a 4,, = + 816.000 
Al + 5760.0 — Wy Ay” = — 152.000 


X, = +7722.624 


This result is also mathematically exact, as may be easily verified. 

(3) To find X,: Since here the upper limit falls near the end 
of the given series, we employ formula (0) of (250). In this instance 
the value of n is— 


which corresponds to an interval of 0.20 counted backwards from the 
quantities having the subscript five. We therefore obtain 


n+1 = 6 —0.20 EE rare Les 'F., = +873075.264 
n = 5 =0.20>  F -=- +18730752 294 = oaboe 0 
pet es VO 9 e158 yh tore 6 Tenn 
po) = 8 020° ~ se™ = 1276180 a A SO 
aS =. 2-0:20 ~ A sb. B7E0.0 aR are eg 


‘yA geeee FI Loop, 904 
which is mathematically exact. 


72. Quadrature as Based upon Sriruwe’s Formula of Interpo- 
lation.—'The preceding formulae of quadrature obviously involve the 
same disadvantages as are inherent in NEwron’s Formula of interpo- 
lation. We now proceed to integrate the expression for 2 (t+ no) 
as given by STIRLING’s Formula, thus obtaining more convenient and 
accurate formulae than those already derived, For this purpose, let 
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the schedule of functions (including ’#’) and differences be taken as 
below : 


T UG F(T) | A! Alt Al 
t— 26 dees AL, 
A'_, . Al; 
t—w iP ne vie PA jG, A! 
t z KR, Re Ai es 
ae ne AM, " 4; 
t w F, A, iT 
'P, A', A 
t+ 2w ; tgs : A, " 
i is («—1) a) FP 1 Vis Zt Att, 
Ces ait abi ie Ae a 
: Ugh ¢ ew ed talc 
bate (+1) : £, A ; 
+1 A! ail A"! 
t+ (i+2)0 pe 5 eh ae 


Reverting now to (104), an inspection of this equation shows 
clearly the law of formation of the successive coefficients in the second 
member: hence, adding the term in 4, we have 


eeu # cm eM ay AS as BE 2(n—A)e 
F(ttno) = Fitn (- =; ‘ +5 ye es ) ( Lo ae = ) yw 
n(n?—1)(n?—4) (AN, FM\ , n?(n?—1)(v?—4) 4 
190 ( 5 + 790 CUEARLED ee (251) 


Multiplying by dn and integrating, we obtain 


ih F(tt+no)dn = nF 42 (4+ MA 42 A +k Ban) (44+ 4) 
+ ae (39°) AI + why (GF ett 20?) AL,+ A) 


a) aa aed) TEE 1 He ree arent (252) 


M being the constant of integration. If this integral is now taken 
between the limits »—=—i and n=-+4#, the coefficients of 
A, All, a’, ... . evidently vanish, and we find, therefore, 


+3 : ; 
; 8 YD F2Q 
Fttno)dn = #+ dy A," — 5tbo 40 + adr'e's0 ASE aaa: (253) 
=4 
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In like manner, we derive 


[Petne) dn = Fit 3p Ay" — 5th t+ sete'so TT - 
(254) 
[Bere dn = F,+ 9, 4! — 5hh5 WY + sbfdss I - 


Whence, by summation, we obtain 


i+} — = oe See 
[B+ ne) dn “SF +S Ai! —ahie DA ofr oP . (255) 


DE = BtRthR +... 4+h = hea, 

r=0 

SA APPA NEAT. 5 el Al eres (256) 
r=0 


y4i = AS HAS HAPS 0 +d = 4 =e 
r=0 


6.6), se) hey WOENG 0), .@" Ve) 0 Uke: ear ST el netee es he. wet et a) | el eWanre 6 Ke. me nehe Camne 


in formula (255), the latter becomes 


i+ 
as (t+ na)dn = (Figs —'F) + dhe Aig 444) — sho (4-4) | 
+ see's0 Finn 4G)— - - - (287) 
Finally, therefore, we obtain 


tHiw+iw i+} 
SEQ®) aT = of F¢tno)dn 


= 0) (Fa pares (43-44) — 530 Gis 44) + obfe's0 (43-4) — ----$ (258) 


When several values of an integral are to be computed from a 
given series, each having the lower limit ¢t—, it will be more 
convenient and expeditious to determine the arbitrary quantity ‘F_, 
such that the sum of the terms with subscript — is equal to zero. 


The formula (258) may therefore be written as below: 


/ = 1 ! 1 wr 
fy i= At y+ the 44 — obh'sg AG4+ - 


an oats 
P(P) al Pt 
af = LG ww 
oe )e 0 fF (t+ nw) dr (259) 


= pete a ey its mt 36 
oF iat dz 4, atbe Fist oetssa Ma a “J 
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As an application of (258), let it be required to find 


45° 
X = | sec? TdT 


30° 


we tabulate 


Pancras 5) ba SOR and — 0s 
F(T) =sec? T as follows: 
T mw (F(T) =sec2T| ~~ A! au qm div 
25 30 1.22751 
+ 6729 
9 
aol.) ce S072 | (3 | + 360) 
31 30 1 37559 Me ToOaz 1612 aR 78 
of 30) 38! 1.47236 DO Ne aise SL ay 
2.84788 11643 464 1 
STES0 Ghia nge | 1.08879 9493 155 
2 14066 619 
40 30 1.72945 3042 993 
6.16612 : 17108 Bae | 
NG ce ren aa | sues pone eee et es Cre 
46 30 | 9 211045, | 4, oeen | +5052 
49 30 2.37089 


Owing to the rapid convergence of the coefficients in (258), the 
effect of fifth differences is here insensible : 
terms of this formula, we obtain 


hence, using but three 


(i= 4) Fy—'F_, = +8.06665 
M'4—A'_, = +12920 kT HA es Hh 6888 
Ady =e 899 Sm bp ti Sg A 

log 2 = 0.906982 2 = +8.07201 

log On OMS 999 Oe oS = 7 2ol 

log X = 9.625981 A = 0.422650 
Verification: Since 


= tan 7 


fsec! TAT 


X = tan 45° — tan30° = 1—1,/3 = 0.422650 


we have 


To illustrate the application of formula (259) when several values 
are assigned in succession to the integer 2, we solve below an example 
which proceeds according to the evident relation 


Ti 
l=], +f, (ana 
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where 7 denotes the value of any codrdinate at the instant 7, and (, 
its value at the epoch 7,. In particular, let us put 


1 = the heliocentric longitude of Mars for any date 7; 
st = the daily motion in longitude ; 
7T, = 1898 June 13, Greenwich mean noon; 


1, = 1° 47/ 14/.3 = the heliocentric longitude for the date 7); 
and let it be required to compute the longitude (/) for Greenwich 
mean noon of the dates 


(1898) June 21, June 29, July 7, July 15, and July 23; 


the values of the daily motion being taken from the American E’phemeris 
for 1898. 
The complete solution is conveniently arranged in tabular form as 


follows : 
1898 r(r)=8( 7) A! A" r HIF oe l 
fe} / UW NW ° / Wd y ° V1 wh 
: 
a i 4 5 ah —105.5 | _ 994 
17 | 4 67 4B 4 125.9 ig | June13 | 1 47 19.5 | =52.) 1 47 14 
(oF 9 eB ‘ 
9514 55 21.0 fae 164 21 - Ad wt9 6.0 6 44 59 
July 3| 4 52 40.2 60. 14.9 29 | 11 40 25.9 6.7 | 11 40 19 
tau ase 175.0 fon | duly 7 | 16 83 6.4 7.3 | 16 82 59 
Vea aden? 187.5 ihe 15 | 21 22 51.3 78 | 21 22 44 
( Sue 
97 | 4 43 196 ae 39 23 1.26. 9 29.01 —8'8 | 26 9 91 
Anes £5) BBO bacs he 


The function tabulated in column #'(7’) is eight times the daily 
motion in 7: it is so multiplied, because the unit of the derivative 
being one day, we have »=8; and thus the final multiplication by 
this factor is avoided. 

Upon taking ¢=June 17, the formula (259) is at once applicable. 
We have, therefore, since differences beyond 4” are negligible, 


Py = fp 7 a Se 


oe 24 —% —24 


re 
es -[(in) OD = "Fay t de Vs 
T=t-3 0 


and 
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the factor » having been previously applied. Whence the expression 
for ¢ becomes 
t= d, sl Psy ae 2 A 4, 


Thus, the value of / for any date 7’ being found by adding the 
constant /, to the integral taken from 7, to TZ, it is clear that we 
have merely to increase the above value of ‘f_, by the quantity 
l, = 1° 47 14”.3 in order to avoid the subsequent addition of this 
constant to each computed value of the integral. Accordingly, under 
the heading /,-+’F, on the line t—4w(=June 13), we write the 
quantity 1° 47°19".5; the remaining numbers of this column are then 
formed in the usual manner by successive additions of the functions 
Ff. Hach term of the series thus formed is evidently greater by J, 
than if the latter constant had been excluded from the initial term. 

Under + 344’ are written the values derived from the corres- 
ponding terms in 4’. The sum /,+’F+ 544 is then tabulated in 
the final column, /, which therefore gives the heliocentric longitude, of 
Mars for the dates indicated in column 7’ 


73. Applications in which the Linits Fall Otherwise than Midway 
Between Tabular Values of the Argument and Function.—If we put 


O43) = Fit de Vis — stbo Giant odve'ss Sin — ee (260) 
the formula (257) becomes 
i+} 
[Fer nw) dn OC ay 6 (24) (261) 


Whence, if as before n denotes a fractional or mixed number, 
we derive, by the general method of interpolation employed in §70, 


[Pt n) dn_== 0 (n) —6(—4) (262) 
E 


Upon substituting »’ and n” successively for nm in (262), and 
taking the difference of the resulting expressions, we get 


f F(ttno)dn = 6(n!) — 6 (n!) (263) 
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Finally, replacing the functions 0, in (262) and (263), according 
to the expression (260), we obtain the following formulae : 


PCL) dT = o fi F(t+no) dn 

t—kw 

= aH a) D4 a) as Gn — Feds es 
t+n//W nv 
F(P)aT =o { #(¢+ne) dn 

t+v/w a/v’ 

= 0§ (By —' Fy) + pe (4 — A) — sth (Ai — 4’) + a b'elaa (4 — An) — » «+ $ (265) 


where the quantity “#4 is wholly arbitrary ; andiwhere: “7,21, 4,3 4, 
(and the similar terms with subscripts ”’ and n”) are to be 
found by interpolation. 

When several values of an integral are to be computed from a 
given series by (264), the latter may be modified to the more ex- 
pedient form given below: 


° ry 


as = oe A'_4,+shHy 44 - DETES 30 4+ : 
t+nW 
F(T) dl = o fF (ene) dn (266) 
t—30 
= o(/ f+ 3,4), — 5445 4, bees ao we) 


EXAMPLE. — Find the value of 


0.48 
X =f etar 
e being the base of the natural system of logarithms. 
Taking w= 0.1, ¢= 0.2, and #(7') = e*, we prepare the fol- 
lowing table : 


x IP F(T)=e? my aN am Atv 
0.0 1.000000 
+105171 4 
OT | _o.o04840 | 2205171 | aygog9 | £11061 | 1 168 
0.2 10 | 4991403 12224 +123 
Peri oi6nes 128456 1286 2 
0.3 , 1.349859 13510 134 
2.566422 9 | 441966 £ 1420 
0.4 a22 | 1491825 41966 | 44930 a 152 
4.058247 8 156896 1572 
0.5 oe 1.648721 16502 +162 
+5.706968 173398 02 | 417384 
0.6 1.822119 | , jgcegy | 118286 
0.7 9.013753 
Proceeding by formula (266), we find 
IF, = 10 (— J X 1162324 744, X 1168) == 0.004820 
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whence the column ’f’ is completed as shown above. Denoting the 
assigned lower and upper limits by Z” and 7”, respectively, we have 


Tl —=0.15 9 0.20 = 0,05 ad 6 
Ti == OAS = 0.20 006%) Fe? 8 @ 


Hence, at the upper limit, the value of n is— 
= .2.9 = 2.0 7 0.30 


Accordingly, we find ‘Ff, 4',, and 4” by interpolating forward from 
the quantities ‘/’,,, 4/,,, and #' with the interval 0.30. From the table 
above, we take 


‘Fi, = +4.058247 A, = +0.156896 41! = +0.001572 


Hence, making the required interpolations by means of Burssnv’s 
Formula, and proceeding according to (266), we find 


‘Fo = +4.535670.3 
Ph ee 67864 
Tl a Ane 
ZS = +4.542402 

+0.4542402 


Al se TF OTGCECTA + ¢z 
A Sa 1619 —stig 


Ps 
I 


The true mathematical value of X is easily found: thus, since 


fear = eT 


A = e# — 4 = 0.454240159.... 


we have 


74. Quadrature as Based upon BeEssew’s Formula of Interpo- 
lation.— Another set of formulae for mechanical quadrature, similar 
to those already developed, may be derived in the same manner from 
BrssEw’s expression for /(¢+ no). However, since these formulae 
may be obtained more conveniently by a direct transformation of those 
developed in the preceding section, we choose the latter course. 


id 


Pitti 7 ==4, cand 7 =, in formula (263), we have 
re F(t-+no)dn = 0(i) —6(0) (267) 
We also have, by (260), 


6 (7) = P+ oF Ale BT60 At E7680 A ice Ee onae (268) 
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Referring now to the general schedule on page 147, it will be 
observed that the quantities 


/ ! "mT Vv 
L;, MM, 4; ? MN, 


are not explicitly given, but must be found by interpolating to halves 
between ‘Fy and F434, 4';-4 and 444, ete., respectively. For this 
purpose, let us denote the algebraic means of the latter pairs of 
quantities by (4), (4.), (44"), ~-*. . 3 that is, let us put 


('F,) = 5 (Fiat Puy) i) 


(4',) = 4(4"- yt 4,45) 
T/T ‘TT PES: 269 
(Atay) { She 


On 78 £45 ve. 6) Je 


Applying formula (126), we have, therefore, 


‘Fo = (fF) -—3(4) + 135 4 hee 1932 4 = 

A, = (Ay— AGT sie) —2 oe. 

Ai! = 0 ER Wo es inser 2 (270) 
A = (4) — 


Upon substituting these values of ‘“F;, 4;, 4;",.... in (268), 
and reducing, we get 


OM) = (#) — te A) + tes (Gi) — sto 4+... - - (271) 
Putting 7=0, this becomes 
900) = (Hy) — te 4) + res (Ay) — sthto +... . (272) 


Whence, from (267), we derive 


{FP trn) dn = 6(é) — 6(0) 
= [(') — (R)] — el 4') — (49) 
+ tes [(4i") — (40")] — d8to (4) — (4) + - - ~~ (278) 


*It is evident from (111) that the coefficient for the sixth difference in BEssEL’s Formula is — 


(n+2)(n-+1) n (n—1)(n—2)(n—8) 
|S 


which, for n=4, yields the value given in the text. 
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Again, putting n—7 in (262), we have 


[Petne)dn TO ees) 
= (Ff, i) — Ty (4 Sr Too 


(0) 
Sj ie eros as ie ae (274) 


In like manner, making nn” =7i+4, and n’=0, in (263), we 
obtain 


i+ 
[Fe tn) dn = 0(¢+4)— 0(0) 
0 
i Psy ag A',,, — 34b0 Ai, DETER Mis, Ps 
=P) Te (4! o) — yo Ay'") + sdtto (4) Te ake (275) 


Finally, substituting n”’ =n and n’ =—0, in (263), the latter 
becomes 


[fe +ne) dn = 0(n) —6(0) 
ee re ge 
— (Fy) + ts (4) — tabs 0") + st b30 (4%) = - (276) 


The equations (273), (274), (275) and (276) give, respectively, 
the following formulae of quadrature : 


fFayar = 0 [ F(t+ne) dn 
= 0}((F)—C%)] — te 1) — 401 + Peo TA) — (40) 
— sito [(4n) C/9 (277) 


P(P)dT = of F(¢+nw) dn 
4H a 
= 0 §(/F) — ty A") + dee Gi) — tthe GD+ - - 
IE OREN He “~~ diss F4t- ee (278) 

HHiwthw i+} 
F(P)dT = o { Fe+n) dn 
t 0 
= of Fay t de Ving — tho Giant obise Jin — ee 

— (‘Fy + rs (4 — dels (40°) + abtho (4) — - sooas ; (279) 


[faar = ee dn 
= of 'F,+ oe 4, — stb is aereed Ie 
Meee Son ok en 
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in which 7 denotes an integer and m a non-integer; where ‘#4 is 

wholly arbitrary ; and where ('F;), (4%),...- and (Fi), (4%), ---- 

are means of corresponding tabular quantities, as defined by (269). 
If, in the formulae (277), (279), and (280), we take 


(Fy) = ps (44) — deo Ao") + ed8h0 (Ft) — + - 
then the sum of the terms with subscript zero will vanish. But, since 
(F) = 'Fyt4h, 
the preceding condition is evidently satisfied if we take 
By = —2 Ft py (44) — Fels Ao") + 33340 (40) — (281) 


The formulae (277), (278), (279) and (280) may therefore be 
computed as follows : 


Poo eh as ) —aes G) tat— e 
t+it . 
H(D)AT = wf F(¢t+ne) dn (282) 
t 
= 0 (F)— 1s (4%) + He (Gi) — sto G+. - 8 
CD he a A! _s+ stb0 44 — sbt'a0 IG + er 
F(T) dT = of PF (t+ nw) dn (283) 
a w }( 'F) a9 x (4! + + 75 (4 4") — soeho(4i) + ois, ees ; 
By = — FF t ty (4%) — tes Go") + abhtu (4— - - 
t+iW+3o 
F(T) dT = es dn (284) 
= o (Fist te Day —stho Fait obiilss Sy + es ed) 
By = — 4B t+ pe (44) — pay (Ao) + shhho (4) — 
t+n m 
FCP) aT = f F(t+no) dn (285) 
t 0 
= o(Fyt+ dy Wn — tho Sn + 5bfiss — . .- .) 


Several examples will now be solved as an exercise in the use of 
the preceding formulae. 


Examp.ie I.— Let it be required to find 


SE 


A = | 7 sin TAT 
0 
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7 7 
Here we take o— 20° = 59> $= LO = iz’ and tabulate 
F(T) =oT sin T, as follows: 
Af OE} F(T)= oT sin T A! At 7a ie div av 
— 50 + 0.23335 
30 OOOTODE Ere | o Glib: era 
eMac OCTObem | | 8081 » | —1966 ‘ 
Se iiss (Mee eco ees tape) ee aek 
30 0.09139 alt nes 1605 
0.10197 : 14196 3571 648 
50 0.23335 + 2544 ; O57 bese 
0.33532 : 16740 4528 856 
7a eee 0.40075 ere ond Eat01 
0.73607. 14756 4629 897 
Bee ise eg ue el | api | 0OE | eggs oe Oe ang 
110) 0.62974 ea0n | 10446.| Soon | +1604 
130 ONDeKies| ayq yr Teen aS 
+150 +0.45693 | — 


The value of X is now readily found by (278). Taking the arbi- 
trary quantity ‘#';— 0, we complete the column ‘/’ as above: we 
then have 

ee sie et 0 


Whence, proceeding by (278), we find 


Cee 4s (FR) = 40R,+'Fy) = +1.01022.5 
(4) = ¥(4y+4'q) = +0.11449.5 ee Ci) eee 8 kL 
(Ai) = 4(M +a) = — 4281 ede LG 
(4) = 4+4,+43) = + 852 —sttto 4) = — 2.7 


oe OF eS ASLO 
Verification : Since 
f7sin TdT = sin T— TcosT 


we have 


xX = [sin 2 Teos 2 | = 1 


ExaAmpieE IT, —Compute the value of 


: 1e2 aT 
A= / air 
0.9 
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Here we take ow Sis t= 0.9, and tabulate #(7)=(1-+0.17")-, 
as below: — 


Te 'F BD) A1-F0.1 T?)-#| A! VAN al 
0.7 0.93076 
1961 
OS | Zodierme yh eee TAI ieee om| eee 
0.9 0.88974 155 : 
+.0,44302 7 29.96 QT 
1.0 0.86678 128 
1.30980 9494 O4 
11 ee 0.84254 perl t ee 
1.2 15234 0.81726" Sas 70% Vlei 
1.3 | 12-96960 0.79119 “4 A ae 
14 0.76455 


Proceeding by means of (282), we compute “/’; as follows : 


F, = +0.88974 —~}3F = —0.44487 
(Aly et 2918 + (4). = — > 1848 
(4) = + 26 —7s (40) = — 0.4 

.'F_, = —0.44672 


Whence, having completed the column ‘7’, we conclude the com- 
putation by (282), with the following results : 


=) (\F) = +2.56097 

(4',) = —0.02567.5 a Chee ee ore 
oes 23.5 thd (Ai) = + 0.4 

Sc 956311 

X = +0:256311 

Since 
aT - T 
if0i?Ty! ~ GF0i Ts 
) ( 


we find for the true value of X, 


X = 1.121936 — 0.865625 = 0.256311 


Exampce III.— Let it be required to find 


tan? a 


A =} sect TdT 
7 
4 
Expressing the assigned limits in degrees of arc, they become 


i = 45° tan73 = 56° 18! 35'.77 = 56°.30994 
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We now take o= Pao ' 


ing values of # (7) = asec! 7’: 


¢ — 45°, and tabulate the follow- 


TE ‘Ff F(T) = w sect T A! gl i Al div Av 
41 0.10759 
43 0.12201 + 1442) 4 300 
—0.06819 ; 1762 + 90 
15) 0.13963 410 » | + 85 
+0.07144 : 2172 2 125 + 11 
AT 5 0.16135 a 535 46 
0.23279 2707 171 20 
49 0.18842 706 66 
0.42121 i 3413 237 38 
51 0.22255 943 104 
0.64376 aes 4356 341 51 
53 0.26611 1284 155 
0.90987 : 5640 496 86 
55 ae 0.32251 : 1780 : 241 
1.23238 7420 Hei +146 
Tey eoans 0.39671 nay 2517 | 44404 _| 1387 
59 ago 0.49608 413578 +3641 a 
61 0.63186 


Here we employ formula (285) ; in which, for the upper limit, 
we have 
nm = (56°.30994—45°) =~ 2° = 5.65497 = 5.5 + 0.15497 


For the value of ‘#4, we find 


F, = +0.13963 — + F, = —0.06981.5 
(4!) = + 1967 + te (4) = + 168.9 
Cp a = ty (40) = — at 

tf, = —0.06819 


Whence, completing the series ‘#’, and observing that the values of 
‘fF, 4',, and 4; are obtained from their respective series by interpo- 
lation with the interval 0.15497, we find 

'F = +1.28846.8 


AM', = +0.07754 Ne Al egies 4 398.1 
Ay = + 187 Senna ae AO 
A = -1.291638 


Verification : The expression for the indefinite integral is — 


feet TdT = tanT+} tan? T 


Therefore 
ee ee at gay UOT 


with which the above result substantially agrees. 
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DovuBLE INTEGRATION BY QUADRATURES. 


75. Having derived various formulae for the mechanical quadra- 
ture of single integrals, the corresponding formulae for double integra- 
tion are now readily deduced. These will serve to compute integrals 
of the form 


y =f fH) aT? (286) 


independently of the analytical nature of the function #”(7’), provided 
T’ and 7” are numerically assigned. To define the quantity Y more 
explicitly, let us put 


fFRQ)aT = f(L)+U (286a) 
where VW is the constant of integration. We then have 
Ya (fajer + Ua T (287) 


It is therefore evident that unless the constant M has a definite 
value in any given case, the value of Y will be indeterminate. In 
practical applications, however, the quantity M is generally known 
from the fact that the jfirst integral has an assigned value (usually 
zero) corresponding to the lower limit of integration. 

If we now put 


T= t+ 10 j Dt Ce ; Tie PT alle 


we have 
AT? = w'*dn? (288) 


and hence (286) becomes 


ida ni’ 
ye { fr) aT? = ot { (#e+ne) dn? (289) 
e q’ n/ 


upon which relation the subsequent formulae are based. 


76. Double Integration as Based upon Newvon’s Formula of 
Interpolation.—If we substitute, successively, n’ and n” for n in (248), 
and take the difference of the two results, we obtain 


[Ferns dn = V(n'') —¥(n') (290) 
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From the form of (290) it follows that the expression for the 
indefinite integral is — 
fF+n) dn = W(n) 
or, by (288), 


fF +no) an = {Fan SOP RE A BIg Ree (291) 


the constant of integration being contained in ‘F,,, which depends 
upon the arbitrary quantity ‘#,. Multiplying this equation by dn, and 
integrating, we get 


 [FG+n0) dn? = [Fant 4 f Fant Bf 4’, oe yf ay ioe Bf Aan +. .. (292) 


Let us now consider a new series, namely — 
See OT Ce UN, oe Jae Wien 


the term “/, being arbitrary, and the subsequent terms so determined 


that the quantities 
gy Ey "Faye By 


are the successive first differences of the proposed series. The man- 
ner of arranging the series “/’,’F’, and /’, together with the differences 
of fF’, is shown in the schedule below : 


T uF mw | ry) | at | an au Aiv 
wore ie 
0 
I 
t Ee 7 Lip vi 
0 
// 7 tI 
ear LE IR, YE MN, A a" 
ik oF 2 tB | on f, A! 4, A Ay 
t+ 38e I oh : F, ; Ae ‘ As 
t+ (i—2)o i te ie ae AI Ais A! A, 
i i-2 e i-8 
os Wi | Hf Ah, 
tr (i—1) w Jee ip es Ht Ai,» 
t ae tw We iB Ff, 
CT One ve | 
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Now, since the differences 4 may be regarded as a series of 
functions whose Ist, 2d, .. .. differences are™ 4°") 7¢ 72 
it is clear that formula (291) may be applied successively to each of 
the integrals in the second member of (292). Accordingly, we have 


SJ Fadn = URE, 2 RET galt OAs eds ar © 


+ F, a EUR, tEE, + Bab yal + 3a ti.) 
Bf 4',dn ee BUF, + RAIA BAY + y+ Cee 
y {4 dar = yh yA BAe eee) (293) 
8 (Ayan = S(M +4d' +...) 
cf ay ie (Mid ae) 


Summing these expressions, we find, in accordance with (292), 


ff Petre) dn? = "F+/F, + +28) F, + (B+2y) 4, 
+ (B2t+y+28) AY + (2Byt8+26 A+... 2 (294) 


Upon substituting the numerical values of £B, y, 6,.... from 
(222), formula (294) becomes 


f [PF 10) dnt = UF aR 4 a Po ey a eee 


the coefficient of 4’, reducing to zero. We proceed to determine the 
expansion to which the coefficients of this formula belong. For 
brevity, let us write (294) in the form 


Efe of. F(tt+no) dn? = "F,+'F, + aF, + 04,4 cA +dav +... (295) 
Now, from (228), we have 
tee a + hat Bat yu? + bx? + 296 
log A +a) : SOS ae ae eae C29. 
Also, let us put 


Te im ON a MR ap thee ap Cee aE (297) 
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in which the coefficients are taken as in (295). Whence, since the 
second member of (295) is the combined sum of the second members 
in (293), it is evident that (297) may be resolved, conversely, as 
follows : 


w= w+ 4a 4 Boot yet dart « 


+3 (e+ $04 Bot yo?+ 2...) 

+B(e°+ 424+ Bur7+ 2...) 

+ y@t+he*y .. . .) 

d(x? . . ‘) 

pos ; 
which may be written 

w= at (a+ $094 But yor t+ dae . . 2) 
+32 (@ 44 4a°4 But yo? + dx34 . * 
+ Be (@*4+40°4 But yo? + de®... 2) 
+ ye? @7 Eda + Bot ya? + dete =) 
+ dx? (214 $a°4 But yo? + dat . . -) 


= @ 14404 Bo t+ye?+ 1... - ar +eao+ But yx?t+ .. ..) 


= (@*+4h2°+ Be tye?toxeit .. ) 
Therefore, by (296), we have 
—9, ge? 93 at G7? 7) 
w = } log (ita)? = (*-F+5 ee 
= Pt Ot ty  — gh wt hy ww — Go8ho tit ehigw® — 2... (298) 


Comparing (297) and (298), it follows that the coefficients of the 
former, and hence, also, those of (295), are the coefficients in the 
expansion of [log(1+«)]|~*, as developed in (298). Whence, in- 
troducing these values of a, 6, c, d,.... in (295), we obtain 


f Ett nw) dn?="F + Fit ts Fa—st0 Ant ot In —sbtho Int cbhs Fn—... (299) 
as was found directly —in part —in (294qa). 
Let us now put 


A(n) = UB +P, + aF, + 64, + cd + dA + ear +. 
= AT ie oF ‘Pot as 7 ii ae OM", iam sid My 340 A oi rae aeity ANN AC OMe aa? (300) 


and (299) becomes 
e i F(tt+no) dn? = r(n) (301) 
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Whence, if the integral be taken between the two fractional 
limits, n’ and »”, we shall have 


f F(ttnw) dn® = d(n!) — A(m!) (302) 


nn 


And if we make the upper limit an integer, say ”— 7, we have 


i ty F(t+ne) dn? = d() —d(n/) (303) 


‘ 


The last formula involves the disadvantage of employing differ- 
ences 4;/, 4, 4{", .... Which are not given when the tabulation of 
F(T) ends with the quantity #;. To remedy this defect, we pro- 
ceed as follows: Put 


Oy UE AER, gt BM eA aA ee (304) 
and substitute for “2, Fi, Fi, 4:, 4... ~~. the expressions 


NR, =""Pyg — 2 Faas + FF, 
IF, ='Fuy — Fi 
ioe 


Al = AL +A, + Mt M+. 

u 2 v —o z 05 
Ye M+ 2AM, + BAN, + oe 
Ai! = Ali + 34, +. 

7 Pi ae 


Whence the integral (303) may at once be expressed in terms of the 


available differences, 4';,, 42, 4/3, -- +--+ However, to avoid direct 
substitution, let us put, as in (229), 


2 = 7 (306) 
and we shall have 
C= ar ee + 1° 
cg? = ot 1—u) = ytay 
2 = uw 
se Lay ee eee 
eoo= wil—u)* = Ge aR PUMP RUFC oS 5 6k (807) 
= Play SS Paola 


a4 = w(1—wu)+ — wit Pe 
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Again, from (297), we have 
Ue aaa ee TA ee Oe Ce tea ACU Wes 5 x (308) 


Now, it is evident that if the expressions (307) be substituted 
in the second member of (308), the algebraic process will be identi- 
cal in form with that of substituting the expressions (305) in (304). 
The w operation involves the quantities 


—2 2-1 


* m2 il Oe 2 3 ° Oe, 2 3 . 
DY BUI, OU at ey, GO aan He tes wee Penn eag UT ROI eu ign 0p oye OA yk ae oe a 


while the v operation involves, in exactly the same manner, the quan- 
tities 


oullhil / aE Al it a HEIR! / / I tit * 
Gs f,, f,, Lg, Al,, Ay, A, . Sy ica ) Fi 5. Psas Tye a Ais; Aj", - naa ae hah) 


Hence, if we perform the w operation, the result for v is at once 
known. But the expression which results from substituting (307) in 
(308) is obtained with greater expedition by the following process : 
From (298), we have 


w= Slog (1+a)}? 
Whence, by (806), we find 
w = $—logd—w)}? = $log(l—u)i 


the expansion of which is immediately obtained by writing —w for « 


in the second member of (297). Thus we find 


We SUE Se ae GO Sia CP SE ae Gir Sn (309) 


Therefore, according to the preceding reasoning, the expression for 
v is— 


ee i ria bal. ot. GA et eA as 


i+1 


Denoting this expression by 7(?), and restoring the numerical 


values: Of 05.0, 0,,..-, trom (300), we have 


vy =n) = "Fy, —'Fyy t+ ak, — 64, + cd, — GAY. Ped — 3 


al 1 I = 1 ttt 221 iv es 2 
= UB iio — Psy y2 f; ~~ 240 4", 240 A", 60480 Mi 4 aye ws (310) 
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Whence, by (304) and (310), 
d (2) aid amt) 


and the formula (3803) becomes, therefore, 


ff G+ ne) dn? = 2) — AQ! (311) 


n/ 


In the formula just proved the quantity 7 denotes an integer. 
Now, by the general method of interpolation employed in §70, it is 
easily shown that (311) is true for non-integral values of ¢. Thus, 
writing »” for 7, this formula becomes 


f [Fe tne) de? = (ul) rw) (312) 


We now bring together equations (800), (810), (3802), (312) 
and (289), in the order named; observing that in the first two of 
these we may write “/’,,, for "#,-+'F, and for “F,,.—’Fi4,, respec- 
tively. Thus we obtain the following group : 


mee), 1 fl 1 fit! 
A(n) = "Frat vs Pa — 240 Fn + 330 Fn seise Fn +5325 
ae UE 1 1 Hy i ae 
m(n) = "Fae + py Fn — hy Sn2—2t0 Fn 58240 Iru—atis Ss 
pe 
aL; F(éttno) dn? = X(n"') — A(n') 
a (313) 


rf F (ttn) an? = x (nl) — X (n') 


Y= fF) CBE ie of F(t-+nw) dn? 
t+n/W nf 

From this group are immediately derived all of the formulae given 
in the following section. 

77. We have already remarked that in the process of single in- 
tegration the value of the definite integral is wholly independent of 
the absolute value of “/,, which may therefore be assigned arbitrarily. 
Similarly, in double integration, the quantity “#7, may be taken at 
pleasure, the integral being independent of its absolute value. Per 
contra, the double integral will evidently vary with the value assigned 
to ‘F,. Hence, unless ‘/, is fixed by some special consideration, the 
value of the double integral is indeterminate—a conclusion already 
derived from (287). 
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¢ 


Now, as was previously remarked, the value of the first integral 
corresponding to the lower limit is usually known in practical appli- 
cations. We shall therefore denote by H, the value of (EEL) dT 
which results when ¢ is substituted for Z. Then, by (291) , we have 


H, =| B(R)ar =o] fr@-+na) dn | 
T=t e n=0 , 
SOK Meet OL ey Od, ea, tle « ©.) 
C(t a pd yA OA, Wey Fee aan) 


or, upon restoring the numerical values of £B, y, 6,.... from (222), 
and transposing, 


v8 7 
f= Sot ty 4)— ate Ay + Aho 40 — 80 Fo + ehhh0 Fo te (314) 


which determines ‘fF, and hence, also, the double integral Y, provided 
H, is known. In practice the value of /Z, is frequently zero. 

Using (314) in conjunction with the relations (313), we obtain 
the several groups of quadrature formulae given below : 


a 


i = =r are Ts Aa Ay 7 A 


iv as Vv 
10 ds + seeeo 40— - 


a5 


t+iW i 
f ECE Wap == of EF (ttn) dn? 
Eee Co 
g8¥bo (AY —4Y) + abs (A) — - 


GO4 


(315) 


= w ACF a +2 Ee =) Se ae ee ale ole es Ae 
21 
48 


sbEbe (48-48) + 5h2s (4-4) — . 


i TTT i 
i 3 fiv 863_ AV 
P= 44 hts" — ge My + oo Fo — 180 Fo'+ sb h8o0 FO 


w 


ir PCP) dT? = of [ F(¢+n)dn® 


t+nw 
= wf (Pagy —" Fn) + Py EF) — aha (40-40) $50 (40-0 
a Ally (A — 4) + hts _a4" cae ie 


(317) 


3 fiv Ge 97 Na 
Pea bt a7 45 8 Ay'+ 285 Mo — 180 A+ oth30 A} 
w 


ttn’ 
i FACE G2 = zs F (t+ nw) dn? 


t+n/W n/ 
iT ty} {aihe iit 

= w*$ CS yee aah Vigne) SE Gi pe x (Fi — Fy) rex x40 (Ay, Ny) + aie Cine a 
26 (FT 


(318) 


a s 442+ py My— ge Ait Fo So — 180 Sot shtho WI - 
t+n0) 
ff PD) aT? = of (FP (t+ne) dn® (816) 


EU pe iw eee 


60480 W nl! Ay) 
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The foregoing formulae are applicable when the upper limit falls 
near the beginning of the tabular series. When the upper limits falls 
at or near the end of the given series, the following formulae — like- 
wise derived from (313)—may be employed : 


‘k= Ho es $F +t te A — te Ny + ha So’ — 185 40 + 5 $$30 A5— - 
t+iw U 
uf F(T) dT? = of f F (t+ no) dn? (319) 
t 
= 0 ("Fi — FE) + ps Fi—F) — gh5 (Fie— 4g) — ah 5 (Fig FM") 
—~¢51to 4-4) — a Ce 
Taf. 
LE a tah + yo 4", = 35 Ay’ + 7'20 Ay a4 Ay + 7 shih0ti— - 
(fF ar = ot f [rena 
ayiee = t d 2 
S SPQ) at? = ot f [Fe+ nw) an 320) 
a of Fa —F) + te (f,—F) — ak (Bi-2— Mo’) — shy (Gig t Fi”) a 
oz SOE80 (4y_4— 4") ac. SOLs (4i_s+ 4) a 
i oe 4, Oy te eee oe a Ce hae rey AY 863 Vv 
1 o +3 ocr 5 ie) 0 34 "6 720 160 +¢ O40 10 
F(T) dT? = o ( (F(ttne) dn? 
ue sik ) a off (¢ nw) dn (321) 
= oo (Fy OE ed) Bs i a2 (f,- z, i) re 340 (4. 4) = 240 (4.5 s gray) 
7% 0280 (44-4) = S028 (aa iy, = 
2 fT, 1 if / 1 /y ) i monn iv. raps 
By = +e yt ped, — de Ay + Hs So — té0 4+ shhh0 H — . 
F(T) dT? F (t+nw) dn? 
77 — 2 Lie ] D 
gk es ya ef i (¢+nw) dn (322) 
= 03 (FA Pya)+y (Fy Fy) —shol- La — Ay) — sigl hess 
beh 9 (Ay, ee 6 ba (4 n// ag te Ay,) ot 


In applications of all the preceding formulae, the value of Me os 
(or of “F, when employed) is wholly arbitrary, and therefore may be 
assigned at pleasure in every case. But when (315), (3816), (319) 
and (320) are applicable, it is frequently convenient to determine Wile 
such that 


SS a ed fl see ee 04 Bi Den i 
Bi — pelo t+ at0 Se — aty So" + ch2h0 4 — ehh H+... = 0 


The formulae in question then take the form as follows : 
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IP. —— Ti, USK. 1 A! 1 i 19 1) 3 iv 863 v 
Ee Sa Fe Mod 14 ae ty has Fo Tee Go + aoe se Fo eS 
LEY OU ye A! 5 iv Vv 
ee ye Le 240 40 — gta 40 + so4a80 dy — ets A+ Sar © bees (323) 
ty) F(T) dT? = of [PC +ne) dn’ 
0 
= WH (UF + py Ph — Seo eo es ee 
Jal, 
‘Fi = steht A oe Nit red teu bl oe le 
// a4 ! i 22 iv v 
Ei, 12 Boe Fro) — 220 0 ebzhe Fo goes Got Ces ers 
ee (324) 
(fF@ dT? = of F (t+ nw) dn? 
=O (OF at eo ato 4, tb hg 4n — wet ko Set chic. 6 ss) 
F= ee ne Al aera Ao Bey Ao. Té0 Ay + BOS80 dy Coat ae 
ae = —77%,+ 5} a ato 40+ 33240 Ay — 5h 4+ heey pr ue Or 
eto (325) 
{ [2p ar? = Ae 
Se (ae pol oto 4i2 5102 0s 3 eb ee ) 
it #1, Lie Biol Ai! 3_ Aiv 863_ VY 
Te age ee: + yy a4 “0 730 treo 40 + coes0 4 
UF, Aire aoa 240 Ay ak5 4 a S048 Ay ebts Jot (326) 


t+nW n 
iff B(P)dT? = of F (t+ no) dn? 
t J /0 
= CCE ae = fel eo 249 As Ai Gate 


272 Ae Ni —s 
40 n—3 60480Cn-4+ sore Ins ages =) 


The differences which appear in the foregoing formulae, together 
with the auxiliary functions ‘/’ and “/’, are to be taken according to 
the schedule on page 161. The symbol 7 denotes a positive integer, 
while » designates a fractional or mixed number: so that all functions 
and differences whose subscripts involve » must be derived from 
their respective series by interpolation. Finally, the quantity 7, de- 
notes —as previously defined—the value of ea dT when ¢ is 
substituted for 7’: so that we have 


Wee | F(L) ar) (327) 


It may happen occasionally that the value of HH, is unknown, 
while the value of (eee) dT corresponding to Z’=t+no is 
known for a particular value of n. Denoting this quantity by /,, 


170 


we may, by any one of the foregoing methods, compute the 


integral 
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and hence find 


t+nW 
bad ley nese? 
t 


a fae a ee a G 


0 


uv 


Ui 


with which value we proceed as before. 


sty 


definite 


(327«) 


Several examples will now be solved as an exercise to ilustrate 
the formulae given above. 


Exampie I.— Let it be required to find 


z 
Na = { feos GigE 
0 


on the supposition that {cos Td7’=2 when Z'= 0. 
We tabulate and difference the following values of #”(Z7’)=cos T: 


T ne FP F(T)=cosT A! gu am JAiv 
0 0.00000 | 44 5916 | 100000 | _ i549 . 
20 PAONRTS luge ee 0.93969 ae 2854 = +82 
Be OLP ACTS EBEE peace 7366 meee 291 
30 38.78679 14.74969 0.86603 9999 2633 307 86 
40) 53.53648 | 4 x'xt x79 | 0.76604 {9905 2326 mare 65 
50 69.05221 | Se a5; 5 | 0.64279 oe 1954 ore 63 
pees 15852 2 14279 7 435 
60 85.210738 SSE 0.50000 oe 1519 45 
2 f° | 16.65852 : 15798 - 480 
TO UOL SCOR Poe 0.34202 oe 1039 : +31 
“9 | 17.00054 stirs 16837 +511 
BO.) WIS 86979) sara Oreos ane 528 
90 | 136.04398 6.60000 1 
Accordingly, we have 
° ° 7 * 


as follows: 


H,--o = +11.45915.6 

F, = +1.00000 + + F, = + 0.50000.0 
Bc =  LB19 he all otters 126.6 
gi ee = ge Ag Aaa 
he + A= + BT 
ai Nacwe et = —10 = — 1.5 
FL = +11.95916 
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The column ‘/’ is now completed by successive additions ; hence, 
also, the column “/’, having first assumed “#,—0. Whence, by 
(319), the remainder of the computation is as follows : 


"NF, = +136.04398 "FF = 0.00000 ('F,—"F,) = +136.04398 
F,= . 0.00000 F, = +1.00000 + + (%-F) = — 0.08333.3 
As 528 A = — 2993 — i ghe- (4) 4!) = 10.38 
MA = + 511 Alo oe 189 ee ral 
AY = + Bl AY = + 82 = 70 (ma) = 0.2 
log 5 = 2.1334129 S = +135.96052 
log w? = 8.4837548 
log Y = —_0.6171677 . Y= 4.141595 


To verify this result, we have 


ff Cotig = an PO 


T 
2 


T 
Y= feos Tat? = | <e0s r+ 07) =1+4Cr 
0 0 


where C is the constant of the first integration. To determine C, the 


first of these relations gives 


whence 


and therefore 
Y= 14+07 = 4.141593 


Exampie II.— Compute the value of 


2.468 
4 ay de 
2 


which corresponds to H, = 0. 
Here we tabulate and difference £(7')=T' as below: 


ty LD is ‘Ef (Te ele? A! Al gl 
2.0 | —0.02082 0.25000 ne 
91 | +0.10210 | +9:12292 | 999676 | —2824 | +309 
6.24068 | O20 Heese el 
2.2 0.45178 34968 | 9 90661 : 258 
0.55629 1757 Hie 
23 1.00807 0.18904 Dt O14 = 
0.74533 1543 eee oe 
24 ie Wn eye ONC aia | £182 
25 | +2.67234 0.16000 
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We have, therefore, 

, = 20 ee (hoa 
whence, proceeding by (326), the computation of ‘#7, and “/, is as 
follows : 

+ 4 F = +0.12500 SSE DNR oi: 
Sete Na oe LIST 3, a = 0,020ea6 
gee) (pee Meee TEES) jog 22> 1.3 
+My A= 1.3 ay t= 0.2 
ie Ey es OI 2292 . "RF, = —0.02082 
From the completed table we now find 
n = (2.468—2.0) +01 Me en tale a 
Set 687 ho? "8 ,, = +2.36025.6 
F, = +0.16418 + os Fy = Bsos2 
Ay = + 191 ee 0.8 
Ae 36 oy Se SE 0.1 
= S aloe 
» ¥ = +0.02873598 


This result is easily verified, 


Y = | - log, 7+ or| 


for we have 


(var ee 


yi 


2.468 


9 


also 
i 
T=2 
ee 
Hence 
Y= —Jog,1.234 + 0.234 = —0.2102609 + 0.234 


with which the 


Examp.e II].—From the table of the preceding 


the value of 


above result substantially agrees. 


2.15 
ys if ip TdT? 


— log, 1.234 + 0.468C 


+ 0.0237391 


example, find 
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Here we employ formula (324), in which we take 


Dh M5) = 40) 
a = ot 1 
We therefore obtain 
Gees 240) UF, = +0.24992.0 
F, = +0.21633 iF, = + $802.8 
Ai = + 235 i 1.0 
Ai e138 Be ed ot oe 0.2 


2 = +F026794 
oY ==s + 00020794 


The true mathematical value of Y is— 


Y = 0.075 —log,1.075 = +0.0026793.... 


78. Double Integration as Based wpon STIRLING’s and BESSEL’S 
Formulae of Interpolation. — Let the schedule of functions (including 
‘F and”F’) and differences to be used in the subsequent formulae of 


quadrature be as follows : 


T nae iP F(T) A! gil ql 

f= hap EE. Al ANS a 

Pee Mea a Oe 

t Dy fe 3 Hip KH 2 We St 
I 4 = 4 i 4 

Gar) Lt, IP, Ff, A, A A 
t + 2 LW a i Le, “A z 
t+G—l)o| "F,| |. i he 

ANEW ae vibe Ait, 

vie UE, IF B, A! 4 ait. 
, Lh’, 4. 

* 4 ih 7 ith ’ itt 

t+ (iF 1) Sed UB Bis A! iy Atl! 

* “4 £ i+$ Ai a; 3 

t+ (i+2)0 Tike Als “ 


From the form of (263) it follows that the expression for the in- 
definite integral of £(¢-+-no)dn is— 


[Fetn0) dn = 6(n) (328) 
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Now, by (260), we have 
O(a) = (f+ ke 4, Saree m, + geteen es 


and hence the preceding equation becomes 


| P@ne)dn = RA Bd hy Ae ey (3282) 

For brevity, let us put 
C= Fige 6 = —5hhs 6 = + ge7e's0 es Ot (329) 

and (328a@) may be written 
Ef F(ttno)dn = ip Fidn =F + od +b" Pod ha |G (330) 


the constant of integration being contained in ’#',. Multiplying this 


equation by dn, and integrating, we get 
f f7@+n) da? ce iI dna A'.dn + bf Ay'dn +0 OSS Tae (331) 


Applying formula (830) successively to each of the integrals 
expressed in the second member of (331), we obtain 


Sf [F@t no) an® =F t+aF, + bd’ t+cd¥t+... 
: t+a(F,taAd +b49 +... 2) 


+b(Ait+ad+....) 
FOCATH og Do) 
+. 


= "f+ 2aF,+ (a?+2b) A+ 2(abto) Art. . 


Whence, restoring the values of a, b, ¢,.... from (329), and 


reducing, we obtain 


fe f F(t+no) dn? = "F+ Jy F,— ghy A+ pile 4 (332) 


If, as in (3827), we denote by 7, the value of ieaee dT’ which 
obtains for Z’= 7, then, by (828), we have 


Hite [fraar] = of [FCF n0) am) = 060) 


i= 


and hence, by (272), 


H, = $F) — py (A) + Pos (40) — she (4... . ; (333) 
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Upon substituting «=O in the first of equations (269), we get 
CA = CR) a F, 


which, together with (333), gives 


‘Fy= hase at (41) — Fels Ao") + sdhho (4) —- - - (334) 
where the differences enclosed within parentheses are means of the 
corresponding tabular quantities, as defined by (269). 

By employing simultaneously the relations (832) and (334), and 
assigning various limits to the integral, we obtain the following group 
of formulae : 


i, = ae a Ft ts (40) — tots Ho") + sdhbo (40) —- - e - 

ff#@ ar = of (Petr dn? Oo?) 
Soh FP) + (FP) — aol — A+ aide A)—-. 8 

‘Po = ae, + Fy + py (A) — Fels (40')+ sthta (40) — - 

f [ithan = vf [iene dn? (336) 
=o (FF) tte — Py) — 240 Fn —4o t+ evesa 4s —M)—. « «3 


HT, ah 
Be = 249 F)4+ pe (4) — Feo (Bo) + sta (40) — - 
w 


i F(T) — of 'F (t+no) dn? (387) 
ttnw n 
= of WF AME,) tox(Bi— By) ah o( Al — A) + dito A) — 
'F, = ne Fy + as (4) 720 Ay’) + A ehy (Mp) — 2: SP 
fe a CN ie of F(t+no) dn? (338) 
t+n/W n/ 
EW ae 8 er —"F, +) 5 (&, nt Fy gh (Ay Aa neaag (4a Ay) — : * 


In the preceding group the value of “/, is wholly arbitrary. We 
may, however, determine the quantity “#, such that the sum of the 
terms in (335) and (336) having the subscript zero will vanish: these 


formulae may therefore be written — 
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at it y 
'F, =e beer is (4) re i Ay dts e280 (4) Tee 


ee "Fo = — ys Fy + sto Ay — ec2'so 40+ - (339) 
ik FD) aT? = of fF (t+no) dn’ 
= co eae st0 Fi + avtso A — + + +) 
LP x tat Fy + q's (44) — Fay (40) + 3d940 (40) — 
, "R= Spee sis 4 +. (340) 
Sf F(L)aT? = of F (t+ ne) dn? 
= 01 (UF + ts F, — ote n+ odes ty —- - - -) 


Let us now denote the second member of (332) by y(n); that 
is, let us put 


Ye) = UE te E, — sean + eesa i ee (341) 
Making n=—i+4, this becomes 
y@+4) = NF + ps Pig — aha Fit oo ne Aig a et (342) 


It will be observed from the foregoing schedule that “F,;, Eas 
A i445 +++. are not explicitly given, but must be derived from their 
respective series by interpolation to halves. For this purpose, let us 
put, in analogy with (269), 


Ca) ay) (Gi) = £4 +4iy 
1 (343) 
(F, +h) —- e(PRI) Oe, 6, Usice ce (60) Cae tees) any . 
then, after the manner of (270), we shall have 
"Fay = ("Fy)—% Fy) + $s (Gia) — re’ (4a) + - 
hy = (iia) =) £6 4a) + roe (A) — . : 
Ag = (Aigl= “Gi a ee (344) 
aiy = (4s) — - 


Upon substituting these expressions in the second member of 
(542), and reducing, we find 


y@+s) = (Fay) — de Fi) + tH GQ) — ree GIDE... (345) 
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Again, by means of (332) and (341), we derive 


[BG +n0) dn? = y(n!) — y(n! (346) 


ne 


Finally, denoting by 4 the value of f H(T)dT when 
T’ =t—o, we shall have, by (328), 


x 


i | P(r) ar | = of ee a am 
n=-} 
wo (Fy + 24 A!'_,—sli, All; + je7eas oy eS 2) 


T=t—hw 


I 


which gives 


Og a2 a4 gt 5th 4 — seieso tat - . : . (347) 

By assigning various values to the limits n’ and n” in (346), and 
employing either (341) or (345) as required in each particular case ; 
and finally, by using either (334) or (347) to determine the series 
‘Ff, according as the assigned lower limit és not or ds equal to —4i, 
we derive the group of formulae given below : 


teh eiet Vv 
'P, ea +2 Ft te (4) Fos (40) + gh tte (Six, 
Mie ay Fit 5 74 — SUE Ay 
slo w 4 (348) 
SfF@ yaT? = ee 
Oa) tt A) — eer 
‘Fy = ae By + ts (4) — Ads (40) + 338 048 bo (4 Neon 
"FR, = any convenient value; arbitrarily assigned. 
+(i+3) i+} 
fe ge = of f L(t nw) dn? (349) 
t+nw 
wo? § (Fits) —a'z Pigs) + rd 50 (Aity ~ ras! ao (4iy)+ - : 
se ge eae: ati fas 240 Ai = corse An. Signe sha’ ‘ 
ff. 4 Z Vv 
F_y= —> — fe A+ shy 45 — soe AGH - 
"Hy = 4'F y+ de (Pa) — rhe (44) + wise (4) — - (350) 


t+iw 
f F(D)aT? = wt f fF Cn) an? 
73 w 


= WF + JF, yy; eet ay 


hae 240 E0280 
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JE 
Fr + mt Vv 
: 34> ee Al,+ sts 44 — 987050 Fat cP abe 


UR, = 4$'F y+) (Fy) — 1450 (4) + roses (44) — - - 


(351) 
t+nw n 
SJPOD ar? = wf [FE+ ne) de? 
tw a 
seco (UL, eal stg ln et gee 4) ae pe) 
fT. i" . 
Fy= Seok Dues BTED 4", sévesu Iyt+ Cage 
"FP, = any convenient value; arbitrarily assigned. 
t+(i+$) WO i+} 
f [FQ)ar? = &8f [FE+n) dn’ (352) 
M3 —$ 
= 0° (Fin) — (Fa) = ea) — 
be rly {(Alh) — (251 — haw H(A) — (ADEE | 
The last formula may also be written in the following form: 
IT. = Vv 
‘F,= tg A ates Al =seres0 S24 ite Phe 20 
me = Rs ASE oy (F, ag (a y+ 19 35's 6 (feet: (353) 


t+(i+4) 0 
oa of [7 (e+ no) dn® 
H3w 
= of {(Fig) — de Pad) + 1H 4) — ris G4 


It may be well to again point out the fact that the functions and 
differences enclosed within parentheses denote the means of corre- 
sponding tabular quantities, as defined by (269) and (348). Further, 
that H, and #4 denote the values of the first integral of /( 7’) when 
for 7’ we substitute ¢ and t—}a, respectively. Finally, we may add 
that if in any case //, is given and //, required, it is only necessary 
to compute 


2 t+pW : 
X=(F(T)dT = H,—H, 
t+qw 
and thence find (354) 
H, = Hx 


In the process of double integration by mechanical quadrature it 
is sometimes convenient to tabulate, not the given function, but o 
times that quantity. By this means all differences are multiplied by 
wo”, and thus the final multiplication by that factor is avoided. How- 
ever, in order that the quantities ‘# and “# shall be multiplied by the 


same factor, it is evident that the independent term sat (which has the 
wo 
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same fixed value whether we tabulate 7 (1) or wf(T)) must like- 
wise be multiplied by o?: so that, proceeding by this method, it 


becomes necessary to take wH in place of the term = which occurs 


in all the preceding formulae. The computer is cautioned against 
neglecting this precept in case he tabulates o?/” (7) instead of the 
given function F(T’). 

We close the chapter with several examples which illustrate the 
formulae given above. 


EXAMPLE I.— Find the value of 


2:6 
amen 2TdT* 
a+7 


2.2 


on the supposition that the first integral vanishes for 7’ — 2.2. 
We tabulate the given function as below : 


"1 Seas ! I mI Jiv 
GE F LE R= C+ A au A A 
2.0 —0.160000 
2.1 Dente eh ea, | 2009 aan 
2.2 0.000000 0.129011 i 1746 5 —32 
— 0.063375 12744 231 
2.3 —0.0633875 0.116267 1515 32 
0.179642 e 11229 Z 199 
2.4 0.243017 0.105038 1516 24 
0.284680 < 9913 175 
2.5 0.527697 0.379805 0.095125 8772 1141 147 28 
2.6 09075027) > 0.086353 994 —17 
‘ Tae +130 
ab 0.078575 A601 4. [a= 864 
2.8 —0.071661 
Here we have 
6 = 22 a == Osil 44. TT) 
whence, employing (335), we find 
F, = —90.129011 + 3 Fy = —0.064505.5 
(4') = + 13617 Ped ya 1187 
(4) = + 247 =1lo(4o'') = — 3.8 
1 F, =) 0.068376 


Assuming “/’,—=0, we complete the table as shown above ; thence, 
proceeding by (335), we obtain 
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NF, = —0.907502 "F = 0.000000 ("F,—"F,) = —0.907502 
F, = —0.086353 F, = —0.129011 +i4:(F,—-F) = + 35548 
Ate OL? Ute 16m Pe) ee 3.1 
Ss = —0.903950 
-. Y = —0.00903950 


Verification: Integrating directly, we have 


—2TdT 1 


a+r — temt? 
2.6 


2.2 


Y= [tanta on | 


whence 
0= H, = be +0 
T= 2g, 


« COC = —0.17123288 


Finally, using the relation 


a—b 
tana —tan?b = tan( : ) 
the preceding expression for Y becomes 


0.4 
ast =f 
Y = tan (s73)+ 0.4C 


which gives 
Y = —0.00903949 


Exampie IJ.—From the table of the preceding example, compute 


2.55 
TIT 2 
Se 2127 
(1+ 7%) 
2.23 


Here we employ (349), taking 
ey, eat H, = 0 n = (2.23—2.2) —0.1 = 0.30 


Thus we find 


eRe i Le ("F,,) = —0.717599.5 
(Fy) = —0.090739 — gy (Fy) = + 8780.8 
(44) = — 1068 eae 9.5 


x, = —0.713828.2 


Also 


whence 


Verifying this 
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(n 
1 


I 


n 


// 
4, 


I 


Y= tan (5 G55 


= 0.30) 
—0.125016 
lone 


result as in the preceding example, we find 


Y= 


0.32 
6.6865 


— "FF = +0.006077.9 
= Pe 1 0,010418,0 
t+ 2t74,) = — 7.0 
2, = +0.016488.9 
2,t2, = —0.697339 


5) +0.3820 = 


—0.00697339 


—0.00697338 


Exampte III.— Let it be required to find 


50° 
2 
yea -ff# ee TdT 
30° 


assuming that the first integral = 2M when T= 30° ; 


sin? 7 


modulus of the common system of logarithms. 
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M being the 


Here we tabulate #(T) = —o?M cos Tese?T for T= 202-242) 
2. . 60°; thus avoiding the final multiplication by o*. Since 
wo = 4° = 7+45, we find 

log w*M = 7.825659 — 10 

Our table is therefore as follows: 
20. — 0.017004 . 
24 OOOO es, ei a ae 
28 +0.060553 0.008480 2088 1121 AGS —d17 
382 + 0.029974 0.054161 0.006392 1435 658 al 217 
36 0.084135 0.049204 0.004957 1033 402 138 113 
40 0.133339 0.045280 0.005924 769 264 85 53 
44 0.178619 0.042125 0.003155 590 179 Bo 30 
48 0.220744 +0).039560 0.002565 466 124 35 20 
52 + 0.260304 : 0.002099 377 89 ae rene 12 
56 0.001722 Fey a 66 
60 —0.001411 


182 THE THEORY AND PRACTICE OF INTERPOLATION. 


We proceed by formula (353), taking as our data 


# = 32° oS 4 a 4 
ae H_, = 2M = 0.868589 


Whence, observing that we must now take w//4 instead of the term 
Hf4+. in (353), the computation of ‘#4 is as follows : 


log wH_, = 8.782752 ; wH_, = +0.060639.0 
A, = + 2088 —34, == 87.0 


 /F_, = +0.060553.4 
And for “/, we find 


ate 4/F_, = +0.030276.7 
(F_4) 


= —0.007436 +4(F,) = - 309.8 
4A == 887 —7133, (44) = + (e) 
(CEs aes 307 ayers oy) 0.7 


=, UF C= +-0.029974 


Upon completing the table as shown above, and continuing the 
computation by (353), we obtain 


(@@ = 4) ("Fy) = +0.240524.0 
Ae 06 (ale 0.9 


(ey Ge oO ZAOOZ0) 


We easily verify this result analytically as follows : 


—M cos Ta T z, M C 
sin? 7’ ssi - 


—MecosTdT? 
We sn? Miog, tan¢ T+ CT+ C! 


log,, tan4 7 + CT + C! 


T=50°= 757 
ne ae oe tan $+ r+cr 
T= 30° = 7 
But 
M 
Oe eon 2 RA _ 94 
= ar 308 t C Ziel a Os 


rnd Gaerne 


50° ° 
+, Vex logy, tam (5 ) — log,, tan (=) 
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Now we find 
log tan 25° = 9.668672.5 — 10 
log tan 15° = 9.428052.5 — 10 
. Y = 0.240620 


which agrees exactly with the former result. 


Examp.e TV.— From the table and data of Example II, compute 


the integral 
= 45° 
yo M COs Lgl de” 
Simca 
30° 


Here we employ (351), taking ¢ = 32° as before; we then have 
for the value of 2 at the upper limit, 


m = (45°—32°) — 4° = 3.25 = 3+ 0.25 


We therefore obtain 


ras wt ey NF = +0,189420.3 
F, = —0.002993 oe 249.4. 


Mea = 568 epiad? ar 0.7 
. Y = +0.189172 


Verifying this result as in the last example, we find 


Y = log, tan 22° 30 — log, tan 15° = +0.189172 


ExampLe V.— As a final exercise, combining both single and 
double integration, and illustrating, moreover, the use of formula (339) 
when several values are assigned in succession to the integer 7, we 
shall conclude these examples with a complete and detailed solution 
of the following problem : 

A particle P of unit mass is impelled along a straight line AB 
by a varying force whose expression is 200007’-*; where Z’ is the 
time in seconds after a definite epoch, and the implied unit of length 
is one foot. It is required to find by quadratures the velocity, v, and 
the distance, AP — x, for the times 


T = 102, 104, 106, 108 and 110 seconds, respectively ; 


assuming that v, = 0.6 feet per second and x,=8 feet when 7, = 100 
seconds. 
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Since the mass of P is unity, we have, simply, 


dx 20000 


Ce me i 


whence by a single integration 


T 
d: 20000dT 
te a a e: 


To. 


and by double integration 


q 
20000d T? 
7. 


° 


We shall first compute the required values of « as given by equa- 
tion (8), effecting the double integration by means of (339). The 
details of the computation are shown in the following table : 


TABLE (A). 

fi Teg es 4! AL 'F "F+}ta=a| +75 F=) tx =atd x 
Rees aeer a +0.53730 
98 | .04250 | ~ on, | +21 57980 
100 | .04000 pat [te 1980 | 1 3-99667 | +0.00333 | 4.00000 | 8.0000 
102 | .03769 Daa 18 ee 4.61647 314 | 4.61961 | 9.2392 
104 | .03556 fos! 10 eee 5.27396 296 | 5.27692 | 10.5538 
106 | .03358 fag tte Bas 5.96701 280 | 5.96981 | 11.9396 
108 | .03175 eh 13 75888 6.69364 265 | 6.69629 | 13.3926 
110 | .03005 | j56| 12 "79843 | + 7.45202 | +0.00250 | 7.45452 | 14.9090 
112 | .02847 oO | +11 

147 +0.81690 
114 | 0.02700 


Since we shall afterwards use this same table in finding v by 
single integration, it is here convenient to tabulate » times the given 
function: thus avoiding the final multiplication by in computing », 
and reducing the corresponding factor in the case of « from @? to o. 
Accordingly, we tabulate under (7) the function 


F(T) = 2000007 = 40000778 


Assume ¢= 100, and proceed by (339). To determine Cig: 
must be observed that since F(T), 4, 4",.... already contain 


the factor w, it is here necessary to multiply the independent term Hy 
wo 
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by the same factor: so that, writing v,(=#H,) for = in the first 


equation of (339), and omitting insensible terms, we have 
‘Ff, = %+2F, + te (4) (YY) 


Hence, substituting », — 0.6, F,= 0.04000, (4,)=4@,+4) = 
—0.00240, we find ‘#; = 0.61980, and thus complete the series 
‘fF’ as given above. 

The second equation of (339) gives simply, “7, —=—,F,, the 
term in 4” being insensible. But since, by equation (8), we should 
afterwards -have to add the constant a, to each computed value of the 
double integral taken from TZ, to 7, it is expedient to tabulate in 
place of “#, the quantity 


WP +—2 = Fite, = —pyF,+4.0 = 4.0 —0.00333 = +3.99667 
W 
and thence complete the series as given under “W+ia,=a. The 


reason for this procedure is easily made apparent: for the final equa- 
tion of (339) gives (since w? must now be replaced by @) 


T 
20000d T? 
a7 eee = o (B+ yy F;) 
To 


and substituting this expression in equation (8), we obtain 
a= o("F+ ty F) +m = o("F+ 2+ gy F) 6) 
@ 


Therefore, upon forming the column -+ ,4 = 6, as given above, 
we have from (6) 


a 


1» = 
ta = "that yk = a+b 


whence the required values of w are derived and tabulated in the final 
column of Table (A). 
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For the computation of the velocity v we employ formula (282), 
the first equation of which gives 


tas == —4h+%4(4') 
or, by adding /, to both members, 
't, = + x f+ Tz a) 


But we shall avoid subsequent additions of the constant v, required 
by equation (a), if we increase this value of ‘7, by theterm 1 = 0.6; 
that is, if we take 

‘Fy = yt+tht+h J") 


which is the same as the expression (y), used for determining the 
series ‘#’ in Table(A). The latter series is therefore to be employed 
in finding v, the computation of which is as follows : 


TABLE (B). 

T (‘F) (4) |—yy (4') Jo=CF)—Pe(4") 

96 + 0.51470 ae +24 +0.51494 

98 00800 — 260 22 .O58TT 
100 .59980 240 20 .60000 
102 63865 222, 18 .63883 
104 OT OZT 205 eG 67544 
106 -T0984 190 16 .71000 
108 T4251 176 1d .74266 
110 ail feo 164. 14 ali (eras 
112 .80267 1575 13" .80280 
114 + 0.83040 sey. Bigelee + 0.83052 


Recalling the fact that functions and differences in parentheses 
are means taken according to (269), the method of forming the 
second, third and fourth columns of this table from the quantities of 
Table (A) is obvious. Now, since the factor w has been previously 
introduced, the second equation of (282) gives 


v= (UF) -wO) 


from which expression the required values of v are computed and tabu- 
lated in the final column of Table (B). 
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This completes the solution of the problem. An interesting check 
is derived, however, by observing that equation (a) gives 


Dp 
4 = fvdr+ XL (e) 


whence # may be obtained from the series v by single integration. 
For this purpose we make (7) =ov = 2v, and thus form the 
table below : 

TABLE (C). 


T |f(T)=20 6 6! f+ x (f)+a=e] (0) |—Py(8)=a| c= cota 

96 | 1.0299 +876 

98 1ALT5 895 Sead. + 7.4067 

100 | 1.2000 777 48 8.6067 8.0067 | +801 ==O7 8.0000 

LOZ 1L2rTe 739 45 9 8844 9.2455 754 63 9.2392 

104 | 1.3509 691 41 11.9353 10.5598 Ted 59 _| 10.5539 

106 | 1.4200 653 38 12.6553 11.9453 672 56 11.9397 

108 | 1.4853 618 35 14.1406 13.3979 636 53 | 13.3926 

101 DAT 33 ee 14.9141 | +602 —50 | 14.9091 
585 +15.6877 

112 | 1.6056 455A —31 

114 | 1.6610 : 


Here again we take ¢= 100, and employ (282), which gives 
if, = —thyt qs (8%) = —0.6000 + 0.0067 = —0.5933 


Increasing this value by a = 8.0, to provide for the constant a in 
equation (ce), we get +7.4067, which number is written under ‘f+, 
on the line ¢—Zo. Completing this column by successive additions 
of the functions f, we next form the series of mean values tabulated 
under (f)+a=c. The columns (6) and —,(8) =d are then 
computed, and finally the column w=c-+d. These values of « 
agree substantially with those given in Table (A). 

From the given analytical expression for the force, together with 
the initial conditions of the problem, we easily find 


v= £6 — 100007 ; @- = 1.67 + 100007 — 252 


whence, making Z'’=— 110, we obtain 


e = 0.77855 and «# = 14.9091 


which further verify the results derived by quadratures. 
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79. It is worth while to inquire what change takes place in the 
value of the double integral 


Y =f (F(Z) aT? 


when, in a particular problem, the quantity HZ is changed from an 
assigned value /7’ to a new value H”. This is easily answered. For, 
if we change H’ to H”, the value’ of the first integral — corresponding 
to any particular value of Z’—is thereby increased by the quantity 
H”—H’'; or, what amounts to the same thing, the constant of the 
first integration, MW in (286a), is thus increased by H’—H’. There- 
fore, by (287), it is evident that Y is increased by the quantity 
(H’—IT’) (T"—T"). 
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HEXAMPLHES. 


1. Given the semi-major axis of an ellipse, a—1, and the 
semi-minor axis, b= 0.8, to find the length of the elliptic quadrant. 
Ans. 1.41808. 


[Norn: — Take the eccentric angle Has independent variable, and hence find 


Tt 
z 
s = {vi —eco*HdEk 


where ¢ is the eccentricity, and s the required length. | 


2. Given the equation of a cardioid, r—1-+cos@: to find, by 
mechanical quadrature, the length of that part of the curve comprised 
between the initial line and a line through the pole at right-angles to 
the initial line. Ans. 2.82843. 


3. The equation of a curve being y= a*V2—sinz, find the 
area included between the curve, the axis of x, and the two ordinates, 
i and a= Par: Ans. 0.180518. 


4. Compute the value of 


assuming that the first integral vanishes at the lower limit. 


Ans. 0.189727. 


5. Given a curve in a vertical plane whose points satisfy the 


relation 
dy 4a? 8 


du? 5 +a 
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—the axis of y being vertical. Find the difference of level between 
two points whose abscissae are 1.000 and 1.473, respectively ; assum- 


ing the direction of the curve to be horizontal at the first point. 
Ans. 0.044228. 


6. By what amount would the preceding result be changed by 
supposing the tangent to the curve at the first point to be inclined 
45° to the horizontal ? 


[Nore: — This question should be answered mentally. ] 


CHAPTER V. 


MISCELLANEOUS PROBLEMS AND APPLICATIONS. 


80. The present short chapter will be devoted to the solution of 
a number of problems and examples involving certain principles and 
precepts hitherto established. 


81. ProstemI—TZo find S=1'12'13'4+.... 47%, where 
k and r are integers. 


The method of solution is best illustrated by assigning a particu- 
lar value to & Thus, let it be required to find 
Se el ere eet ee e, aee 


We tabulate below and difference the values of 2 which corre- 
spond to 7=1,2,3,4,5 and6. Thus we find: 


ih ‘FOL F(T)=T!} at | amv | am | giv | av 
IP. 
a ‘ ar 
De Me cs 60 
3 81 110 24 
4 Does eae Alea me 
r9) 
369 108 
5 625 302 
671 
6 1296 
rod Ps (r—1)8 
? aa i 


Now, by Theorem V, the 4th differences of #(7') are constant, 
and hence the 5th and higher differences all vanish. Whence, if we 
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consider the auxiliary series ‘/’— defined as in Chapter IV— we shall 
have, by the fundamental formula (73), 
Po UR 4 ry 7 15) 4 sa (50) 
aa eo ee i ea hia ar of 
Aa ale 2)(r=3) (gg 4 POXD (4) 4) 


= 'Fyt 35 @+1) Crt) Br'+3r—1) 
Therefore, by Theorem I, we have 


S=/F—/F 


r 0 


= 55 (+1) @rt1) Br°+3r—1) (355) 


which is the required expression for the sum of the fourth powers of 
the first r integers. 


82. PRoBuiem II.— Given a series of functions, F_3, F_., F_,, Ff, 
H, a, ...., and an assigned intermediate value, f,: To find 
the corresponding interval n. 


First Solution: The simplest method is to determine by inspec- 
tion an approximate value of n, and then find by direct interpolation 
the values of the function corresponding to three or four closely equi- 
distant values of » that shall embrace the required interval. The latter 
is then readily found by a simple interpolation. 


EXAMPLE. — From the following ephemeris find the time when the 
logarithm of Mercury’s distance from the Harth = 9.7968280: that is, 
given #’, = 9.7968280, to find n. The tabular quantities are here 
given for every second Greenwich mean noon. 


Date Log. Dist. of 


isos. | & from @ a a ad fe a 
May 8 | 9.7560706 

10 | 9.7652875 | 7 ,92°50 | +24839 he 

12°) 9.7768883:\| ~ joasoq | “20091 | saan) bees ae 

14 | 9.7905482 eee 15725 ae BT ace 
qs 162324.) 2 9022.1 68600.|_-eAi| Se 1e6 

16 | 9.8057806 | i¢4149 | 11816 | _ Sai7 | +592 > 

18 | 9.8221946 | | jc aoq | + 8499\) 7" 

20 | 9.8394585 ae 


We observe that the given logarithm falls somewhere between the 
tabular values for May 14 and 16, and soon find that the interval 
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(from the former date) is somewhat greater than 0.4. Hence we take 
f, = 9.7905482, and interpolate — by Bussuu’s Formula — the functions 
corresponding to 2 = 0.38, 0.41, and 0.44. Thus, computing and dif- 
ferencing these values, we find 


n Fy A! aye 


0.38 | 9.7961736 
0.41 | 9.7966267 
0.44 | 9.7970810 


+ 4531 


+4543 | +14 


Whence, if we denote by n’ the interval at which the required 
function lies beyond the middle function in this new series, we shall 


have, by neglecting the small second difference, 
n' = 2013+ 4543 = 0.44, nearly. 


But if great accuracy is required, we may easily take account of the 
second difference by the method of the corrected first difference ($44). 
Thus, in the last table, we find that the corrected first difference 
which corresponds to n’ = 0.44 is 4540; hence we have 


n' = 2013 + 4540 = 0.4434 
-. 2 = 0.41 + 0.4434 x 0.03 = 0.423302 


The required time is, therefore, 
T = May 14° + 0.423302 x 48" = May 144 20" 19™ 65.6 


83. Second Solution of Problem II.— Given F’,, to find the value 


of 7. 
Let m denote an approximate value of n, true to the nearest tenth 


of a unit, and put 
m=mte (356) 

Then we have 

. Sf evens HC 


n a 


me = FLltt(mte2z)o] = F[(t+me) + zo] 
22 q)? 


= F(ttme) + z0F"! (t+ mo) + P F"(¢t+mo)+ .. 


Since we have supposed z not to exceed 0.05, it is permissible to 
neglect 2, 2’,.... in the last expression, which becomes, there- 


fore 
FP, = P+ 20F) + $20Fl (357) 


n 
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To find z from this equation, we first neglect the small term in 
2, and thus obtain an approximate value which we shall call In 


this manner we find 
ge geil Se, (358) 


This approximate value of z will now suffice for substitution in the 
last term of (357). Accordingly, we obtain 


ee —421(S) (359) 
whence, putting 
y = 32 (Sr) (360) 
we have 
£= 2—Y 
and equation (356) becomes 
n=mtru—y (361) 


Finally, to express F,,,, oF%,, and wf,” in terms of the differences 
of the given series Ff, it will be expedient to employ STIRLIN@’s 
Formula of interpolation, together with the expressions for /,, and 
F’ as developed in $61. The above solution may then be expressed 
as follows : 

Determine m = an approximate value of n, true to the nearest tenth 


of a unit. 
Thence find f= Mor mat Bb + Cet Dd 27. 


Do = oF OF mb Cee Jha 
DP ae 0 Cas. Te 


D,; (362) 
ts? 
Pe eee 
= ay) 
yo $0 
and n=mru—y 


Here the differences are to be taken according to the schedule on 
page 62; the coefficients B, C, D,.... being taken from Table II, 
and 0’, D’,.... from Table VY. Finally, Table VII gives the value 
of y for top argument A and side argument «; observing that y has 
the same sign as A. 
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HxaMpuE.— Same as in $82. 


Here we find m= 0.40; 
and from Tables II and V, the 


m = 0.40 
B = +0.080 
C = —0.056 
D = —0,0056 
E = +0.01075 


The computation of fF, D, 


a 

b, = 
— 
d= 
(Oho 


and hence take from the given table, 


quantities 


+144461.5 
- 15725 

— 4137.5 
ae eda 
aise ths) 


Ci = —0.08667 


De= 0.02767 
ES = FO. 01440 


and D, by (362) is therefore as fol- 


lows: 
F, = 9.7905482 ey ater aioe 
ma = + 57784.6 a = +144461.5 
Boe 1258.0 mb, = + 6290.0 
Ce = + plait Cle = + 358.6 
De = — 265 Ode = 1074 
He = + Tall Hle = + IES 
i SO Ga .D, = +151101 
F, =  9.7968280 
Whence 


= Ds D, fx? 414070 = 151101 = 
a =e ey 


and we finally obtain 


+0.0931 
+3525 + 151101 = +0.023329 


m = 0.400000 
eg = + 0.093329 
- (Table VIT) —y = — 


26 


een yA 


which agrees within one unit with the former result. 


84. Prosiem III.— Zo solve any numerical equation whatever 


involving but one unknown quantity. 


The given equation, whether simple or complex, algebraic or trans- 


cendental, may be written in the form 


TD c=) 


The problem therefore reduces to the question of finding » when F, 


is known and equal to zero— which is the same as Problem II. 
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Examp.Le. — Solve the transcendental equation 
T 20s Te 45° 
where 7 is expressed in degrees of arc. 
This equation may be written 
F(T) = T —20° sin T— 45° = 0 


which by trial we find to be satisfied by a value of 7’ not far from 
63° ; hence we tabulate #'(Z’) for 7’ = 62°, 63°, and 64°, as follows : 


T F(T) A! 4" 
62 | —0.6590 

63 | +0.1799 ae +53 
64 | +1.0241 


Here we have given J’, — 0, to find n. Whence, employing the 
corrected first difference ($45), we find ; 


1799 
Oy ee a eo 
oe 63 340 * 1 62°.7861 
85. Prosuem IV.— Given a series of numerical functions em- 
bracing a maximum or minimum value: To find the value of the 


argument which corresponds to the maximum or minimum function. 


Find by inspection the tabular function which falls nearest the 
required maximum or minimum value. Call this tabular function Tie. 


Then, from the schedule 


TNR CP ae A" Alt | Atv 
t—o| Fi] | 8 : d' 
t F, b . d 

a o c 0 
tto| FF Sho be 1 d, 


we have, by the first of equations (182), 
FUL) = F'(tt+no) 
1 
=i[@-1 C+...) +N —pod, +...) +47 (C—....)+en?@—....)+... | 
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Therefore, since the condition of maximum or minimum requires 
that #”( 7’) = 0, we have, by neglecting 5th differences, 


(a-4e) + Q—yy d)n + $n? + Edn? = 0 (363) 


which determines the value of », and hence, also, the value of 7, at 
the point of maximum or minimum of #(7’). This equation may be 
readily solved by successive approximations, by first neglecting the 
terms containing n° and n*, and afterwards substituting therein the 
approximate value of m thus found, and so on; or, we may consider 
the solution of (863) from the standpoint of Problem III, — which 
may be regarded as the more direct of the two methods. 


Examp_e. — The following ephemeris gives the log radius vector 
of Mars with respect to the Sun (log). Find the time of perihelion 
passage of the planet. 


ae Log r A au Ait | siv 
April 6 | 0.1416628 _7395 
14 | 0.1409303 4481 +2844 +47 
22 | 0.1404822 1590 2891 +90 i 
30 | 0.14038232 41391 2911 413 30 
May 8 | 0.14045538 4919 2898 _49 —36 
16 | 0.1408772 +7068 +2849 
24 | 0.1415840 


Here we are required to find the instant when log r is a mini- 
mum. Since it is evident that this condition occurs only a few hours 
from April 30, we take /&, = 0.1403232. Whence, from the above 
table, we find 


Cae a—ie = — 135 
5 20 b,—pot = +2914 
C =et oO Ci arta 2 
d, = =— 33 t¢,= — 6 


and therefore, by (363), 


—135 -+- 29147 + 2n? — 6r2 = 0 


or 
2914n = 1385 — 2n? + 6n3 
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Neglecting the last two terms of this equation, we have, for an 
approximate value of n, 


n = 1385 + 2914 = 0.046, nearly; 


and since for this value of m the small terms sensibly vanish, we obtain 
as our final value 


nm = 1385+ 2914 = 0.04633 
The date of perihelion passage is, therefore, 
LT = April 304 + 0.04633 «& 8 & 24" = April 304% 84.895 


86. Proptem V.—Given a series of numerical values (F_3, F_2, 
F_,, By, By, #.,....) of any function F(T) which 1s analytically 
unknown: To find an approximate algebraic expression for F(T’) in 
terms of the variable argument. 


Let us put 
po ie (364) 


and T'Aytor’s Theorem gives 
72 73 
RP) = FGFs) = FO+O+G PUO te FN OF. es (365) 


Upon substituting in (365) the expressions for F’(t), F(t), 


F(t), «+. ., a8 given by (175), we obtain 
Hy” 1 1 1 1 2 
LEE Oe (GE Ore alg Sines )t+ ap Comte dt...-)7 
1 1 1 
+ op (c—te+. ee) oe (d,— ee rit oe (e—. a5 = jae eer (366) 


which expresses #’( 7") as a rational integral function of 7, with known 
numerical coefficients ; + being’ the value of the variable argument 
counted from the fixed epoch ¢, as defined by (364). 


EXAMPLE. — From Newcomps’s Astronomical Constants we take 


the following table of the mean obliquity of the ecliptic (e) for every 
fifth century : 
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Year Obliquity A! falta papel 


fo} / VW if I y y 
QO) 23-41) 43.78 
—3 45.81 

500 37 57.97 3 49.90 |. ~ £99 | 44.95 
1000 34 8.07 aie 2.74 

3 52.64 1.36 
1500 30 15.43 ae SS oe 
2000 26 21.41 . 2 104 | —0-02 
2500) 23 05 OF 37 -- 


Let it be required to express « in terms of 7, the latter being 
counted from the year 1000 in terms of a century as the unit. 

Since we adopt one century as the unit of time, it is necessary 
to express w in the same unit; therefore we have 


@ =H t = 10007 Fit) = 23° 34! 8/07 
a@ = —3! 51" 27 = —231".27 6, = —2'.74 es P1355 
a—te = —231'496 wo 2 = 50 oP == 100 


Whence, by (366), we obtain 


Coefficient of +, = —231.496+— 5 = —46.299 
és CPs — 274 — 50 = — 0.0548 
Mé Cet 1.555 — 700 = = 0.00181 


Accordingly, the required expression for the obliquity is — 


e = 23° 34! 8/07 — 46.299 7 — 0.0548 7? + 0.00181 7? 


Verification : Putting 7 = 10 in this formula, we should get the 
obliquity for 2000. Now we find 


(For 2000) ¢« = 23° 34! 8.07 — 462.99 — 5.48 +181 = 23° 26! 21/41 


which agrees exactly with the tabular value above. 

It will be observed that the solution given by (866) restricts the 
epoch, or origin from which 7 is counted, to some tabular value of the 
argument, as ¢. Should the assigned epoch be some ¢ntermediate value 
of 7, say 7, it will only be necessary to write 


eer ee 
and we have 


F(L) = F(P,+7) = F(T) + 7 F(T) + PUL) +. 
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Therefore, if we put 


Lp = EF Me. 

we shall have F(2) = F,+ nPLt+ Ry +e m4 Le (3662) 
where 7,(= Z’'— 7) is the value of the variable argument counted 
from the assigned epoch 7,. Accordingly, if we compute by the 
usual methods the values of F,,; Fn, fn, Mn, -.-., and substi- 
tute these in (3866a), we shall obtain the expression required. 

As an example, let us express the obliquity (e) as a function of 
the time (7,) counted from the epoch 1600.0 in terms of a century as 
the unit. 


Reverting to the above table, we take 


t = 1500Y T, = 16009 m = 0.20 
Whence we find 


B= 26 29! 28.69 ‘Fi, = —46'.761 Fy = —0.0443 Fy = +0'201083 


m 


Substituting these values in the formula (366a), we obtain the 
required expression, namely, 


e = 23° 29! 28/69 —46'.7617, —0!'.02227? +0/.00181 73 


87. GEOMETRICAL PRoBLEM.—A circular well four feet in diameter 
is centrally intersected by a horizontal cylindrical shaft whose diameter 
is one foot. Find the volume of the portion of the shaft within the 
well. 


Solution : Consider a vertical section or lamina of the shaft 
parallel to its axis, at a horizontal distance « from the latter, and 
having the differential thickness dx. Then, if we denote the radii of 


well and shaft by # and r, respectively, we shall have for the length 
of this rectangular section 


L = 2V R32 


and for its breadth, or height, 
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Therefore, the volume of the differential section is — 


dV = thda = 4V(R?—2*) (7? a2 dex 
whence 


V= 8 { Vea) (7? — 2?) dx 


Upon substituting the given values of # and r in this formula, it 
becomes 


[aS 8 { Vana) (¢—«’) dx 


This expression belongs to the class of functions known as ellip- 
tic integrals, and therefore cannot be integrated directly. Accordingly, 
we proceed to evaluate V by mechanical quadrature. For this purpose 
it will be convenient to put 


x = 4sind 
whence . 
dx = 4 cos 6d6 


and the preceding expression for V becomes 
V = { cos%Vi6—sin% do (367) 
0 


We now tabulate #'(0) = wcos’@ N16—sin?9 (where o = 10° 
= 718) as follows: 


ff) 1B F(6) Al Al A div 
jeg 9 
== 1S 0.6500 ial 
D = 2 
es 0.6927 | + 427 | 497 DOT ASRG 
0.0000 0 6 0 ae 
+ 5 0.6927 427 cer 56 
0.6927 ‘ — 427 aye ae te 
15 0.6500 Bl AT 
ipeA 798 - 103 a 
25 0.5702 : 268 3 
1.9129 x 1066 - 134 S 
35 0.4636 i Se ; +12 
2.3765 ory 1200 5 146 
45 0.3436 31D Salieees or 
2.7201 1188 : 142 on 
55 0.2248 154 ey 22 
2.9449 1034 ms 120 ae 
65 : On 5 274 es ol 
3.0663 760 2 83 
75 0.0454 357 Bi 
luloleys ie 403 + 46 
85 0.0051 403 46 
3.1168 0 : 0 
95 0.0051 + 403 4038 AG —46 
+105 0.0454 +357 
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Accordingly, we take 


t = 5° i= 8 t Fito = 85° 
and proceed by formula (259): thus, observing that 4',, 4%, .... 
and 41, Ji, ..++. are all-zero, and remembering that the factor ow 


has already been introduced, we find 


F, = 0 
and 
V= ' Piss = 3.1168 cubic feet 


88. Various other problems and applications of a similar nature 
might be added ; indeed, Astronomy itself presents a large variety of 
such. But the leading principles of our subject have already been 
developed, explained, and exemplified. We therefore feel confident in 
leaving the student who has thoroughly mastered these principles, 
believing him fully capable of solving any further questions or prob- 
lems that may arise in his practice. 
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EXAMPLES. 


1. Derive the expression for the sum of the cubes of the first 
integers. Ans. r(r+1)*. 


2. Find from the following ephemeris the instant when Awtwmn 
commences ; that is, the instant when the Sun’s right-ascension (a) 
equals twelve hours. 


Date Sun’s R.A, Date Sun’s R.A. 
1898 a 1898 a 
h m s h m s 
Sept. 13 | 11 25 47.56 | Sept. 25 | 12 8 54.44 
16 | 11 36 33.99 2S TZN 19 43535 
LOM Sire 20297 Octe a tel 223 0—34.30 
Za MISS = 6.94: AL See AL Biro 


Ans. Sept. 22% 12" 34.8. 


3. From the ephemeris of the moon’s latitude given below, 
determine the instant of greatest latitude north. 


Date Moon’s Date Moon’s 
1898 Latitude 1898 Latitude 
a ° 7 W a io) 7 v 
July 9.0] +5 7 9.31] July 10.5 | +5 16 48.7 
9.5 By IAL Axssll ARO sy Ny RIF 
WOM) | sees TN BS ies | sii - By Bee 


Anse July 10" 3) 27. 
4. Given the equation 


sin (¢—43°) = 0.92 sin*z 
to determine the root which falls in the second quadrant. 


Ans LOW alin Age 


5. Given the following table of the longitude of Mercury’s as- 
cending node (0): 
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Year 6 


° / Us 
1700 | 44 46 34.42 
1800 | 45 57 39.28 
1900 | 47 8 45.40 
2000 | 48 19 52.78 
2100 | 49 31 1.42 


Express 6 as a function of +; where 7 is the elapsed time from 
1900, reckoned in terms of one century as the unit. 


Ans. 0 = 47° 8 45”.40 + 4266”.757 + 0”.6307°. 


APPENDIX. 


ON THE SYMBOLIC METHOD OF DEVELOPMENT. 


89. While many of the formulae and results in the foregoing 
text have been derived by somewhat indirect methods, yet the pro- 
cesses employed in every case have involved nothing but purely alge- 
braic operations and principles. 

For the benefit of such students as may be interested, we shall 
now devote a brief space to the more direct and potent form of 
development known as the symbolic method. In this our only purpose 
is to exhibit the simple manner in which the fundamental formulae of 
the text may be deduced; leaving the student to enter for himself 
upon the broader field thus opened by suggestion. 


90. Let us define the symbol of operation A by the relation 
AF(L) = F(Tte) — F(T) (368) 
from which we formulate the following 


Derinition: The operation of A upon any function of T pro- 
duces the inerement in the function which corresponds to the finite 
merement w in the variable T. 


The relation (868) may be more briefly expressed in the form 
TS hie = Pas ax fF, = as (369) 


where nm can have any value. Thus, taking » = 0, and referring to 
the schedule on page 15, we have 


eR oR 7! (370) 


Similarly 


(371) 


Cre OR. OR ee ee 
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Thus it is evident that the effect of operating with A upon any tabu- 
lar function is simply to form the first difference of that function and 
the succeeding tabular value. Whence it is evident that we have 


I 


AAF, = AG) = a 
AAF, = A(4) = di (312) 
ABS, = A= 4, 

It follows that the operation of AA upon any tabular function 
produces the second difference bearing the same subscript. But this 
double operation of A may be conveniently characterized by A’; 
hence we write 


IN fer ay | ee ee | ee eye) (373) 
In like manner, 7 denoting any integer, we have 


AF, = A(AOR) = A(A®) = 40 


Gi. = So ly Ee ALD == AG 
Se ee ee (74) 
AF = AAG) =A) = 2 
and, more generally, n being a non-integer, 
AiF, = (AAA .... itimes) F, = 4 (375) 


91. Let us now consider the operation of differentiating #’(7’) 
with respect to Z’ and multiplying the derivative by ». Denoting the 
operator in this process by D, we then have 


dF’, os 
DF, = ot = of, (376) 
also 
d Nt vr a 
DF, = DDF, = oF, (0F,) = oF, (377) 
Dir, = (DDD i tines) Poe eee 3 
n ~~ ce ee Ae eat ) n ear ac Of, ( 78) 


92. ‘The fundamental laws or principles governing the combination 
of symbols of quantity in algebraic operations are the following : 
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I. The Distributive Law, by virtue of which 
a(pt¢tr) = aptaqtar 


II. The Commutative Law, expressed by the equation 


ab = ba 


Il. The Index Law, which asserts the relation 


a’ S< ie = a’ts 


We proceed to show that the symbols of operation, A and D, when 
combined each with itself or with symbols of quantity in the manner 
indicated below, also obey these fundamental laws; and hence that, 
wherever found in similar combinations, A and D may be treated alge- 
brarcally precisely as if they were themselves mere symbols of quantity. 
We shall first consider the symbol A. 


(1). By definition, we have 


70S I ot rec hee ano) Ree (Cee ie ren ae EP aol CSN Pear Ne er 
cee (iui F,) a (Anti Sa) ae eae : 
Set Ap oe 


which proves the Distributive Law for the symbol A. 
(2) The factor a being a constant, we have 
Aa, = OF af, = a (Fi f,) = aA F, 


thus showing that A combines with constant quantities in accordance 
with the Commutative Law. 


(3) 7 and s denoting positive integers, the relation (3875) gives 


Ain AUK = AAO = A = ATR, 
or 
A’AS — Att 


Therefore, so far as positive integral indices are concerned, the symbol 
A obeys the Index Law. 


93. Retaining the limitations and the notation used above, similar 
results are easily obtained for the operator D, as follows: 
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ay Ge On eee 


dF, | oy 
w aT + @ dT + tO 
DF,+Df,+.. 
dF, 
aT 


Ds 74 a’ s a’ ep a’ a’ 


’ 


= aDF,, 


(2) ° DaF, = (« TP Vien 


Ry arts prt 
Sa Gr) vs =z Wipe 

These relations prove that — within the limitations imposed — the sym- 

bol D obeys the fundamental laws of algebraic combination. 


94. To a limited extent it is necessary to consider negative powers 
of “and D. Now the meaning and use of A7% A, 2 2 ean 
of D“, D’,.... are easily understood: thus, from the foregoing 


definitions, we have 
ACH,) = Fe 


where ‘fF’, is defined as in the schedule on page 134. Then, in analogy 
with the usual mode of expressing inverse functions, we may write 


Le = Pee 
Whence we have 
AAAF, = AUF) = F, (379) 
which shows (1) that the operation of AA~(= A’) leaves the sub- 
ject function unaltered, and (2) that negative powers of A also obey 
the Index Law. 
The relation 
Reig ee (380) 
may be taken as the definition of the operator A™~. Similarly, we 


have 
INS ih eA . ASF, = FF, ; he: Ges (381) 


Again, consider the relation 


on, = oth 


1 = OTR =? (382) 


which, from the point of view above taken, may be written 


Fas (pee (383) 
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Then we have 
DD1v = DF, = v (384) 


whence we see that negative powers of D likewise follow the Index 
Law. | 


Moreover, from equation (382), we obtain 


dF = oud? 
and therefore 
Fy st af dT 
which, with (383), gives 
Ba ee Hl vd T (385) 


It follows that the operation of D- is equivalent to an integration. 
More specifically : Operating upon any function with D- integrates 
that function with respect to T and divides the resulting integral by o. 


In like manner we have 


D?F, = wo (i ai PAT? (386) 


and so on. 


95. Having thus defined and explained the use of the symbols 
pipe ene... and D7, D, DY DD... .... : 
and having shown that these symbols may in general be combined 
algebraically as if they were merely symbols of quantity, we now pro- 
ceed to derive the fundamental relations of the text, as originally 
proposed. 


96. The theorem of the change in sign of the odd orders of 
differences caused by inverting a given series of functions is easily 
proved. ‘To this end, let us suppose that 4, of the direct or given 
series, becomes [4] when that series has been inverted. Then, since 


AF, oan 4, — F, = A 
we have 
—AF, = P,- F,, = [4] 
Whence, regarding —A as operator, it follows that 
: (—A)?F, = ia, Carr = (eed Yk hairs CVs oe: wie 


and therefore 
PA ia (— Ay = HT Ate, = 1)? (387) 


which establishes Theorem III. 
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97. By definition, we have 


PNG ies = Pass ae F,, 
hence 
(A+A)F, = F,+AF, = Puy = F(tFnoto) 
wo iA wo trl 
ez By + B ysis = ais: 
DE D3 
es ree eer he * 


“D2 ek 
= (140+ et et Oc ee = °F, 


= FoF! + 


Il 


where ¢ is the base of the natural system of logarithms. We have, 
therefore, 


itA =e (388) 
which is the fundamental relation between A and D. 
98. From (888), we get 


De 4Dtt De 
Bae OE = De net ee oe a (389) 
and hence, by involution, 


AP = D+ D+ 7D*+FD' +. 


AO = Dt +2 Dt+ 2D 42D. (390) 
Keres) Dope D4 4 90e5 Ply De 
These expressions are equivalent to the formulae (21). 
Again, from the last of (890), we derive 
BOR a= CDP a DO, Oe fone omar eee 
that is 
MO se" Om OD ao A oleae (391) 


where for brevity we have written a,, q@,.... to denote the co- 
efficients of D, D™,.. . 5 amr (90) ” Witence, it (7) ag 
+ BT" +yT*?+ ...., we have 


di 
Gy == tA) i 1 a 
AG ———-] w' F = aw aT* el ’) => hw’ [@ 


which is the algebraic statement of Theorem VY. 
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99. Expressing the relation (888) in logarithmic form, we get 


2 3 4 
a 34 (392) 
whence | 
Date PAP RAP ear =. 
D3. — (REST NEE, Ce WR ese (393) 


From these relations the formulae (45) — or the equivalent group (165) 
—immediately follow. 


100. We next consider the question of reducing the tabular in- 
terval from w to mo, as discussed in $19. Since in the preceding 
definitions of A and D the magnitude of the interval is arbitrary, we 
have here only to denote by a and d_ the corresponding symbols in 
the reduced series; evidently the same relations will then exist be- 
tween #9 and d as were found above for A and D. Thus we obtain 


d d 
i= (» 2 = mD (394) 


and since, by (388), we have 


1+A = e@ 


we must have also 
1+ta=e8= (395) 


Whence we find 


ae —1)(m—2 
1+ =(1+A)" = 14+ mA 4 BORD) yee i. PAS 5 ee 


and therefore 


mm (mn —1 , OG —IWN Gig? 
Q = fg Te ( o nee oie 
= m? AA m?(m — 1) JS® Pepe M ea eh tout Wa ed Cte J 9 (396) 
CL ae eee ee ie IGT She kie e e) ! 


which are equivalent to the relations expressed in (64). 


101. The equation 


may be written in the form 


(+A)F, = F, (397) 


212 APPENDIX. 


Hence the binomial 1+ A may be defined as an operator whose effect 
is to raise by unity the subscript of the subject function. Whence 


we have 


(1+A)F, = A+A)F, = FP, a 
GP AR a ae ‘ Cy 

and generally 
(1+A)"F, = F, (399) 

We therefore obtain 
= (n=2 
F, = +A) F, = (14 nd BORD) ary MOON att ee  \i 
or 
ie LAN 

a ee » ie IE Sn pale (400) 


which is the fundamental formula of interpolation due to NEwTon. 


102. We now find it convenient to introduce a new symbol of 
operation, which, from its similarity and relation to A, we shall desig- 
nate V: this operator is defined by the equation 


Vi, = F,— F., = 7 (401) 


t 


From this relation we at once derive 


VF, = VAL, = Al, 
Ves ears (402) 
VtF, = VAL, = AX, 


= 
= 
I 


whence it appears that the operation of V” upon any tabular function 
produces the difference of order 7 which falls upon the upward in- 
clined diagonal through that function; whereas the successive opera- 
tions of A produce, as already shown, those differences falling upon 
the downward diagonal line. Moreover, from the complete similarity 
of character of these two operators, it is obvious that V likewise 
follows the fundamental laws of algebraic combination. 


The relation between VY and A is easily found: thus, from (401), 
we obtain 
(LAV) ey ete (403) 
also, from (397), we have 


(ItA)Fa = FF : (404) 
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Whence we find 
| (+Ayd-V)R = Ata)R, = F, 
and therefore 
t= yea AS (405) 
which gives 
log(1—V) = —log (+A) (406) 


Again, combining (388) and (405), we obtain 
ee a Ce (407) 


103. As an immediate application of the preceding relations, let 
us derive the formula (75). By means of (388), equation (399) 
becomes 
= GEA) #, no, 


whence, changing the sign of n, we find 


FL, = e™F = (°F, = 1_VyF, 
is Ce ae Ve me ny Mg errata 
Therefore 
ia andy Sey ee Wl Cee (408) 


which is Newron’s Formula for backward interpolation, as given by 
(75). 

104. Formula (66) of the text is easily deduced by means of 
the identity 


=A y— 1 
Thus we find 
A‘, = {(+A)—12¢F, 
a 3 a+ay —idtayoq 8) aoe Gey eee ¢ F, 
whence, by (399), we obtain 
LOS) ED ie a ae Mase Teer ee (409) 


which is the same as equation (66). 


214 APPENDIX. 


105. We now pass to the derivation of the fundamental form- 
ulae of mechanical quadrature. Since D = log (1+A), we have 


2 3 4 = 
Do, = flog tar, =(a-F fee es AE . F 


7 A6 e h ele y ra —eettoO er Ag -»)F, 


Whence, interpreting the first member according to (385), and the 
term A’F, as in (380), we find 


wt fFaZ = 'F,A4F,— py Ant ded — Boo Ai + 180 4 — hbo M+... (410) 


This is the fundamental relation of quadrature, from which the 
formula (a) of (250) is at once derived. To obtain (6) of (250) in- 
volving the differences 4/1, 442, 4n-s) - > + -, , We Have only=te 
employ the relation (406), and the above development becomes 


DoE = slog UA Fe Sloe Evy, 
2 8 4 5 —1 
( SJ ON ON 5 ee e RP 


a Ou mits , ae a4 vo 730 Va Té0 y= sbi80V — Sales ee a 
the interpretation of which gives 
Oo [Rar = (Fo tf — Te Sia te In 190 Ins — 180 4n i ohio: eC (411) 
agreeing with formula (6) of (250). 


106. Similarly, we obtain for the second integration 


%: aon LA? Le 4 —2 
DF, = flog +aAyier = (a— he = geet = f, 
= (A7*+ A™+ ty — ghp A? + gy A? —stts St hig h—. - BE 


Now the first pair of terms in the right-hand member may be 
written 
(AF A) Be A Ae A ne 


n+1 
and therefore the preceding expression becomes 
at 2 eee y y 22 i ¢ 
‘ *( (edt = "Fait te Fa— shy 4 + 340 In — e33ho Sn + cere oe ee (412) 


from which (324) immediately follows. 
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Again, we find 


DF, = flog(tA)j*F, = {—log 1 V)}*F, 


fe vv vt : 
a (v+ 9 + By + 4 + 5 ap 2 Cy < O ; ee 
= (V°-V 4+ pesto Vv atuV —ebitoV —stieV — OL, (413) 


Transforming the first two terms of the last expression, we ob- 
tain 
Te Pea lS Vt = Ve Ase 


Now, because the operation of 1+ A raises by unity the subscript 
of the subject function ($101), it follows that the operation of 
(1+4)* dominishes that subscript by one unit. Accordingly, we 
have 

OV Ne AYE a Ee 


and hence the relation (413) gives 
wtf (rar a UE at ea e028 920-8 0b bon tees + + « (414) 


which is equivalent to the formula (326). These expressions complete 
the fundamental relations of mechanical quadrature. 
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